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Fig. 1. Left: ShapeNet point cloud generation, single-shape encoding on complex Thingi10k meshes with Poisson-reconstructed surfaces, and minimal surface
generation. Middle: Generation process visualization showing geometric probability paths transporting noise to surface points with encoded normals. Right:
Energy-driven particle generation: diffusion-limited aggregation (top) and multilayer Thomson problem with electrons on concentric shells (bottom).

We present Orbit-Space Geometric Probability Paths (OGPP), a particle-
native flow-matching framework for generative modeling of particle systems.
OGPP is motivated by two insights: (i) particles are defined up to permutation
symmetries, so anonymous indexing inflates per-index target variance and
yields curved, hard-to-learn flows; (ii) particles live in physical space, so the
flow’s terminal velocity has physical meaning and can encode geometric
attributes (e.g., surface normals). OGPP instantiates three key components:
(1) orbit-space canonicalization of the probability-path terminal endpoint, (2)
particle index embeddings for role specialization, and (3) geometric probabil-
ity paths with arc-length-aware terminal velocities that generate normals as
a byproduct of the flow. We evaluate OGPP on minimal-surface benchmarks,
where it reduces metric error by up to two orders of magnitude in a single
inference step; on ShapeNet, where it matches the state-of-the-art with 5x
fewer steps and reaches airplane EMD comparable to DiT-3D with 26x
fewer parameters and 5x fewer steps; and on single-shape encoding, where
it produces normals and reconstructions competitive with 6D generators
while operating entirely in 3D.
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1 Introduction

Particles constitute a central representation in computer graphics,
where sampling, geometry, appearance, and physics are often mod-
eled as structured sets of particles embedded in 2D or 3D physical
space. Such particle-based representations arise across graphics
pipelines for different purposes, from Poisson sampling for ray trac-
ing [Ahmed and Wonka 2020, 2021], to point-set surfaces and clouds
for geometric modeling [Alexa et al. 2001; Guennebaud and Gross
2007; Kerbl et al. 2023; Peng et al. 2021], to Lagrangian particles for
solid and fluid simulations [Miiller et al. 2003, 2007; Stomakhin et al.
2013; Zhou et al. 2024a], and to agent-based animation such as crowd
and flock simulation [Guy et al. 2010; Narain et al. 2009; Reynolds
1987; Thalmann and Musse 2012]. Therefore, a generative model
natively defined on particles and leveraging their connectivity-free
structure and physical-space dynamics is well-motivated for graph-
ics generation tasks.

However, modern generative models are built on grids rather
than particles (e.g., diffusion [Blattmann et al. 2023; Ho et al. 2020;
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Rombach et al. 2022; Song et al. 2020] and flow matching [Lip-
man et al. 2022]). In these settings, the representation lives on a
fixed grid (e.g., a 2D lattice of pixels), and generation amounts to
mapping noise to data distributions on the grid. Despite their suc-
cesses in generating images or videos, these models do not transfer
efficiently to particle generation because they ignore two fundamen-
tal differences. First, particles exhibit pronounced symmetries:
permuting particle indices leaves the underlying configuration un-
changed, yet can arbitrarily alter its vectorized representation in
high-dimensional space. In group-theoretic terms, the collection
of all such symmetry-related configurations forms the orbit of a
particle state. As a result, naively applying grid-based generative
frameworks (e.g., flow matching [Lipman et al. 2022]) to particle data
by flattening particles into long vectors leads to fundamental diffi-
culties: For images, a pixel at a fixed coordinate exhibits consistent
statistics across samples. In contrast, particle systems are defined
only up to permutation symmetry: a particle at a fixed index does
not correspond to any consistent spatial or statistical role across
the dataset. Consequently, probability-path endpoints associated
with a given index are dispersed throughout space, forcing velocity
predictors to average over incompatible targets during training and
yielding noisy, poorly structured per-particle flows. State-of-the-
art particle generators such as Equivariant Flow Matching [Klein
et al. 2023; Song et al. 2023] mitigate permutation ambiguity via
optimal transport couplings. However, these methods incur high
computational cost and still operate on flattened, anonymous par-
ticle representations, so individual indices must aggregate over
many symmetry-induced roles, leading to increased target variance
and highly curved flows. Second, particles live in physical space.
Generating a set of particles can be viewed as simulating their spa-
tiotemporal evolution under a learned physical velocity field. This
differs fundamentally from image generation, where the velocity
field in flow matching merely transports pixel values and carries no
intrinsic physical meaning. In particle-based settings, however, the
velocity field is defined in physical space, and the terminal velocity
at t = 1 represents a well-defined geometric quantity. For example,
when particles sample a surface, this terminal velocity can encode
meaningful local geometric information, such as surface normals
or orientation. Standard linear paths place particles at the correct
locations but do not exploit this geometric degree of freedom.

Motivated by these two insights, we propose a generative frame-
work for particles that both respects orbit structure and exploits
geometric path. Our key idea is to untangle mixed particle roles by
combining orbit-space canonicalization with identity-aware particle
index embeddings. On top of this, we design geometric probabil-
ity paths whose terminal tangents encode per-particle normals,
so a single flow jointly generates particle positions and attributes.
Our framework consists of three key components (See Figure 2): (i)
orbit-space canonicalization, (ii) particle index embeddings, and (iii)
geometric probability paths. All three are expressed as choices of
conditional probability path, which we collectively call Orbit-Space
Geometric Probability Paths (OGPP).

For orbit-space canonicalization, we perform symmetry reduction
at the terminal endpoint X;: for each particle configuration, we sort
indices according to a geometric criterion (e.g., a space-filling curve)
and select a single representative from the orbit. This enforces that
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Fig. 2. OGPP. Our framework integrates three key components: (i) orbit-
space canonicalization assigns canonical indices (0,1,2,3) to X; while keeping
Xy uncanonicalized, (ii) particle index embeddings (colored blocks) allow
each index to specialize to its canonical role, and (iii) geometric probability
paths encode surface normals via arc-length-aware terminal velocities. Per-
particle coordinates xfl_ and learnable per-index embeddings are fed into a

NN, predicting velocities uf,’i supervised by reference velocities u;‘;jf’i.
12 1

particle index i consistently lands in a localized and stable spatial
region, reducing variability in the training targets seen by each
index. Next, for particle index embeddings, we attach a learnable
identity embedding to each particle index and provide it to the veloc-
ity network. This allows the model to condition on particle identity,
enabling different indices to specialize to distinct velocity-field roles,
analogous to class-conditional generation. Together, canonicaliza-
tion and identity embeddings convert noisy mixtures of regression
targets into well-separated, easier-to-learn trajectory families, yield-
ing straighter flows. Finally, for geometric probability paths, we
replace linear interpolation with geometry-aware paths that ex-
ploit the structure of particle systems. Specifically, we construct
Hermite-type probability paths whose terminal tangents align with
per-particle normals: the endpoint specifies particle position, while
the terminal velocity encodes local surface orientation. As a result,
the learned flow simultaneously transports particles from noise to
data and produces accurate surface normals as an intrinsic byprod-
uct.

We evaluate OGPP on a range of graphics-oriented generative
tasks, including geometric reconstruction, shape generation, and
physics simulation. For minimal-surface generation, OGPP reduces
metric error by up to two orders of magnitude in a single infer-
ence step. On ShapeNet, it improves 1-NNA, matches the particle-
generator SOTA NSOT [Hui et al. 2025] with 5x fewer inference
steps, reaching airplane EMD comparable to DiT-3D [Mo et al. 2023]
using 26X fewer parameters and 5x fewer steps. On single-shape
encoding benchmarks [Zhang et al. 2025], it yields better normal
estimation and reconstruction quality than generalized VP-based
paths [Albergo and Vanden-Eijnden 2022; Chang et al. 2024; Ma
et al. 2024], while remaining comparable to state-of-the-art 6D gen-
erators.

Contributions. Our main contributions are:

(1) Orbit-space particle flow matching. We introduce particle
flow matching as a Lagrangian formulation of flow matching



for particle systems, in contrast to the Eulerian image models,
combining identity embeddings on individual particles with an
orbit-space canonicalization so that each particle can learn its
own consistent velocity field while simplifying the learning.

(2) Geometric probability paths. We construct Hermite-type geo-
metric probability paths whose terminal tangent encodes per-
particle attributes such as surface normals, enabling surface
normal generation as a byproduct of the learned flow.

(3) Energy-driven evaluation for particle generators. We pro-
pose self-referential, physics- and geometry-based metrics that
directly assess the quality of generated particle sets (e.g., blue-

noise spectra, fractal dimension, residual Coulomb forces, minimal-

surface deviation), together with matching benchmark datasets.

Paper outline. Section 2 reviews related work, and Section 3 recalls
the background on flow matching and group theories. Sections 4
and 5 present our two main theoretical contributions, orbit-space
probability paths and geometric probability paths for attribute en-
coding, respectively, and are essential reading. Section 6 summarizes
the overall algorithm. Section 7 reports experimental results, before
Section 8 offers further discussion and Section 9 concludes.

2 Related Work
2.1 Generative Models

Continuous-Time Generative Models. From a modern continuous-
time perspective [Holderrieth and Erives 2025; Lipman et al. 2024],
generative models can be formulated as stochastic differential equa-
tions (SDEs), as in denoising diffusion models [Ho et al. 2020; Song
et al. 2020], or ordinary differential equations (ODEs), as in flow
models [Albergo et al. 2023; Chen et al. 2018; Grathwohl et al. 2018;
Lipman et al. 2022; Liu et al. 2022]. This unified view has enabled
broad progress across image and video synthesis [Blattmann et al.
2023; Brooks et al. 2024; Ramesh et al. 2022; Rombach et al. 2022],
3D shape generation [Hui et al. 2022; Mo et al. 2023; Zeng et al.
2022; Zhou et al. 2021], point cloud modeling [Luo and Hu 2021;
Yang et al. 2019], and neural rendering [Poole et al. 2022; Wang et al.
2023]. Recently, IADB [Heitz et al. 2023] reinterprets DDIM as an
ODE-based deterministic diffusion process. Within the ODE family,
unlike CNFs [Chen et al. 2018; Grathwohl et al. 2018], flow matching
[Lipman et al. 2022] enables simulation-free vector field learning
and the use of Optimal Transport (OT) [Lipman et al. 2022] paths.
Techniques like Minibatch OT [Pooladian et al. 2023; Tong et al.
2023] and Rectified Flow [Liu et al. 2022] further straighten trajecto-
ries for efficiency. However, these models are primarily tailored for
objects in Euclidean space RY (e.g., images), and do not naturally
accommodate the unique quotient geometry of particle systems.
While Riemannian Flow Matching [Chen and Lipman 2023] extends
flow matching to non-Euclidean manifolds and SE(3) flow match-
ing [Yim et al. 2023] applies it to structured proteins, both remain
Eulerian and do not treat particles individually.

Alternative Probability Path Designs. Beyond linear interpolation,
recent works explore alternative path designs. BNDM [Huang et al.
2024], motivated by the spectral bias of diffusion models, injects
time-dependent blue noise into deterministic diffusion to modify the
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probability path. Generalized VP interpolants [Albergo and Vanden-
Eijnden 2022; Ma et al. 2024], building on VP and VE SDEs [Song
et al. 2020], enable flexible nonlinear schedules in flow matching.
Recent 3D shape tokenization work [Chang et al. 2024] adopts gVP
paths for latent flow matching and zero-shot normal estimation.

2.2 Point Cloud Generation

Point Cloud Generative Models. Early point cloud generation relied
on GANs [Achlioptas et al. 2018; Li et al. 2021; Shu et al. 2019; Xie
et al. 2021] and set-structured VAEs such as SetVAE [Kim et al. 2021],
alongside CNF-based models like PointFlow [Yang et al. 2019] and
SoftFlow [Kim et al. 2020], which offer exact likelihoods. To achieve
scalable high-fidelity synthesis, recent works adopt a two-stage
strategy: compressing high dimensional vectors into a compact
latent space via VAEs [Kingma and Welling 2013] before training
generative models. Early latent representations used voxel grids (e.g.,
ConvOccNet [Peng et al. 2020]), suffering from cubic memory costs,
while later works explored more efficient structures such as irregular
grids [Zhang et al. 2022], hierarchical point-based latents (LION
[Zeng et al. 2022]), or latent sets without explicit spatial structure
(3DShape2VecSet [Zhang et al. 2023]). Despite improved scalability,
these frameworks typically rely on category-specific autoencoders.
In contrast, generative models like PVD [Zhou et al. 2021], DiT-3D
[Mo et al. 2023], DPM [Luo and Hu 2021] apply diffusion directly
in data space. PSF [Wu et al. 2023] accelerates sampling via Reflow
[Liu et al. 2022]. While effective, these works primarily advance
model architectures or data representations and do not explicitly
model orbit-space symmetries, retaining an Eulerian viewpoint.

Canonicalization for Permutation Handling. Permutation ambigu-
ity in particle systems is commonly addressed via canonicalization
by deterministic ordering, such as Z-order (Morton order) [Morton
1966] or Hilbert curves [Hilbert [n. d.]], which map spatial coordi-
nates to one-dimensional sequences while preserving locality. Re-
cent Transformer-based models adopt similar strategies to stabilize
attention and improve scalability, e.g., Point Transformer v3 [Wu
et al. 2024], OctFormer [Wang 2023], and FlatFormer [Liu et al. 2023].
These methods canonicalize the Transformer input representation,
primarily to improve computational efficiency and architectural
stability.

Symmetry Modeling. The recent frontier focuses on enforcing
symmetries. Equivariant Flow Matching [Klein et al. 2023; Song
et al. 2023] achieves this via optimal transport (OT) couplings but
with a training-step complexity of O(B>N?) [Hui et al. 2025], mak-
ing it unscalable. NSOT [Hui et al. 2025] improves scalability by
offline OT precomputation and hybrid coupling, and SGFM [Puny
et al. 2025] extends such constraints to enforce complex space-group
symmetries inherent to crystalline structures. From an architectural
perspective, these permutation-equivariant models [Hui et al. 2025;
Klein et al. 2023; Song et al. 2023], and more broadly, mainstream
point-cloud architectures [Liu et al. 2019; Zhou et al. 2021] treat
particles as anonymous coordinates, so the network is not allowed
to distinguish particle indices. Diffusion Transformers such as DiT-
3D [Mo et al. 2023] do employ learned positional embeddings, but

ACM Trans. Graph., Vol. 45, No. 4, Article 117. Publication date: July 2026.



117:4 « Sinan Wang, Jinjin He, Shenyifan Lu, Ruicheng Wang, Greg Turk, and Bo Zhu

operates on voxel grids without orbit-space canonicalization. Con-
sequently, these methods still adopt an Eulerian view, which makes
the regression problem ill-conditioned and the flow highly curved.

2.3 Energy-Driven Particle Systems

Physical Particle Systems. Particle systems are a ubiquitous repre-
sentation across physics, graphics, and vision, used to model phe-
nomena ranging from N-body simulations [Barnes and Hut 1986], to
molecular dynamics [Frenkel and Smit 2023], fluids via SPH [Miiller
et al. 2003] and vortex particles [Park and Kim 2005], and flocking
or crowd behavior [Reynolds 1987; Thalmann and Musse 2012]. A
fundamental subclass involves systems governed by energy func-
tionals, where equilibrium states correspond to stationary points
of pairwise or global potentials: blue-noise sampling seeks point
sets with suppressed low-frequency spectra and isotropy [Cook
1986; Ulichney 1988; Yellott Jr 1983], computed via Lloyd relaxation
[Lloyd 1982], capacity-constrained Voronoi tessellations [Balzer
et al. 2009], optimal transport [De Goes et al. 2012; Qin et al. 2017],
or kernel-based methods [Ahmed et al. 2022; Fattal 2011]; the Thom-
son problem [Bowick and Giomi 2009; Smale 1998; Thomson 1904]
seeks minimum-energy configurations of repelling charges, tackled
via basin-hopping [Wales and Doye 1997], genetic algorithms [Mor-
ris et al. 1996], or simulated annealing [Erber and Hockney 1991];
diffusion-limited aggregation [Witten Jr and Sander 1981] produces
fractal clusters through Brownian-motion attachment [Halsey 2000;
Meakin 1983b; s Vicsek 1992]; and minimal surfaces [Plateau 1873]
minimize area under boundary constraints via variational methods
[Brakke 1992; Dziuk 1990; Pinkall and Polthier 1993; Wang and
Chern 2021]. Recently Geometry Distributions [Tang et al. 2025a,b;
Zhang et al. 2025] represent single surfaces as infinite point distri-
bution via diffusion models.

Physics-Aware Evaluation for Generative Models. Despite their sci-
entific importance, these physically grounded particle systems have
received limited attention from the generative modeling commu-
nity, which prioritizes shape-level point cloud generation evaluated
by distribution-matching metrics such as 1-NNA [Lopez-Paz and
Oquab 2016]. We observe that energy-driven particle systems offer
intrinsic evaluation criteria (e.g., spectral characteristics, fractal di-
mensions, residual forces, surface deviations) that can complement
distributional metrics by more directly measuring physical fidelity.
To this end, for energy-driven tasks such as blue noise, minimal
surfaces, DLA, and the Thomson problem, we first use classical
solvers to produce large datasets of equilibrium configurations, and
then train a generative model on these datasets.

3 Background
3.1 Naming Conventions

We adopt the following conventions throughout this paper. Bold
symbols (e.g., u, x, n) denote vector fields or vectors, while regular
symbols denote scalars. Capital letters (e.g., X, N) represent ran-
dom variables, and lowercase bold letters (e.g., x, n) denote their
realizations or fixed values. Specifically, X denotes position random
variables, N denotes attribute random variables, and Z = (X3, Ny)
denotes the joint random variable of position and attribute. Super-
scripts without parentheses (e.g., x!) denote particle indices, while
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Table 1. Summary of the main symbols and notations.

Notation Type Definition
General

t scalar time € [0, 1]
d,D scalar dimension
N scalar number of particles

Flow Matching
u; vector field  velocity field at time ¢
u? vector field  neural network velocity field
uief vector field  reference (target) velocity field
Xo random var.  initial point (noise)
X random var.  terminal point (data)
X random var.  interpolated point at time #
X0, X1, Xz vector realizations of X, X1, X,
Pinit distribution  initial (noise) distribution
Pdata distribution  data distribution
pr distribution = marginal probability path
pe(lx1) distribution  conditional probability path

zZ random var.  joint variable: (X3, Ny)

Canonicalization

C(+) map orbit-space canonicalization map

G group symmetry group (e.g., permutation)

p(9) matrix orthogonal representation of g

Orb(x) set orbit of x under the group action

{x random var.  canonical representative of Orb(Xj)
Geometric Path

n vector per-particle attribute (surface normal)

(2] vector terminal tangent velocity

a(t), B(t) scalar Hermite basis functions

y(t) curve conditional probability path curve

superscripts in parentheses (e.g., xéi)) denote sample indices. We
summarize the main symbols and notations in Table 1.

3.2 Flow Matching

Flow matching [Lipman et al. 2022, 2024] trains a velocity field that
transports a noise distribution pinit to pdata by integrating an ODE.
A flow model generates samples by solving

% =u)(X;), Xo~ Pt (1)
where uf : R? x [0,1] — R? is a neural network chosen so that
X1 ~ Pdata- For each data point x; ~ pgata, @ conditional probability
path p;(- | x1) interpolates from pjnir at =0 to a point mass at x; at
t=1; averaging over x; yields the marginal probability path p;. Since
most of our constructions are defined at the conditional level, we
refer to p;(- | x1) simply as a probability path and reserve marginal
probability path for p;.



OT-based Ours
Coupling

Independent
Coupling

Fig. 3. Conceptual illustration of the conditional distribution of the ter-
minal endpoint X? for a fixed particle index 0 under different coupling

strategies. Each figure shows five sampled (xq, x1) pairs for particles with

(i),0
0

on the surface, and arrows indicate their

index 0: gray points denote the noise positions x
the corresponding targets xi”’o
displacements. Left: independent coupling [Lipman et al. 2022]; middle:
OT-based coupling [Klein et al. 2023; Song et al. 2023]; right: our orbit-space
canonicalization. Independent and OT-based couplings spread the possible
endpoints XlO around the surface, yielding a broad conditional distribution
p(X? | X; = x,1=0), whereas orbit-space canonicalization concentrates
them into a smaller region, which is expected to reduce the conditional
covariance and simplify the velocity regression.

, blue points denote

Marginalization trick. The marginal velocity field can be expressed
as a posterior-weighted average of conditional velocities (see Ap-
pendix A for details):

Pt(x | xl)Pdata(xl)
Pi(x)

In practice, the network is trained via the conditional flow matching
loss:

e (x) = / W (x| 1) . @)

Lerm(0) = By x, xp, (-|x1) [””?(x) —ui (x| x1)||2]. ®)

3.3 Group Theory

We briefly review concepts needed for orbit-space probability paths;
extended definitions are in Appendix B. A group G acts on R? via
an orthogonal representation p : G — O(d), i.e,, g - x = p(g)x. The
orbit of x is Orb(x) := {p(g)x : g € G}.

In all our experiments we normalize away global pose by recen-
tering and PCA alignment, so the remaining symmetry is G = Sy
acting on (RP)N by permuting particle indices.

Canonicalization. A canonicalization map C : R — R? selects
a representative from each orbit in a G-invariant way, requiring:
(1) C(p(g)x) = C(x) for all g € G (G-invariance), and (2) C(x) €
Orb(x) (the output lies in the orbit of x). Together, these conditions
imply C induces a bijection between orbits and their canonical rep-
resentatives. Concretely, a G-canonicalization fixes a deterministic
particle ordering (e.g., via a space-filling curve such as Morton or
Hilbert).

4 Orbit-Space Probability Paths

In this section, we focus on the first two key components of OGPP,
orbit-space canonicalization and particle index embeddings.
These two mechanisms are designed to work in tandem: our ablation
in Sec. 7.3 shows that each alone brings only limited gains, while
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their combination is crucial. We discuss our third key component,
geometric probability paths, in Sec. 5.

In a traditional flow-matching framework, the neural network
takes as input the particle positions x; at time t (together with ¢
itself) and outputs a velocity field ug(x;, t). Both the intermediate
states X; and the reference targets Y are determined by the choice
of conditional probability path p;(+|x;). We discuss the interior ge-
ometry of p;(-|x;) in Section 5 and focus on its endpoints in this
section. As outlined in the introduction, we pursue two objectives:
(i) make the regression task easier by reducing the conditional co-
variance; and (ii) encourage straight flows by reducing Lipschitz
ratios. We begin by describing our model architecture with parti-
cle index embedding in Section 4.1. We then show in Section 4.2
that orbit-space canonicalization on X; reduces the conditional co-
variance of the regression targets. In Section 4.3 we formalize a
requirement on orbit-space canonicalization maps: they must be
orbit-continuous, thereby encouraging straighter flows. Finally, in
Section 4.4 we study nearest-neighbor Lipschitz ratios and show that
further canonicalizing the noise endpoint X inflates these ratios,
leading to less straight flows.

4.1  Model Architecture with Particle Index Embeddings

We instantiate the particle-indexed velocity field uy with a plain
Transformer encoder [Vaswani et al. 2017] that operates on sets
of particles. Given an input configuration x, = (x},...,x}), each
particle is represented by a feature vector in RPin, consisting pri-
marily of spatial coordinates and, in a few experiments, an ad-
ditional time coordinate (see Section 7.1.3). We first apply a lin-
ear projection to an embedding dimension Deyp, add a particle
index embedding e; € RPemb, and add a global time embedding
(1) € RPenb: B\”) = Wi xi + ¢; + ¢ (1), with i = 1,..., N. The se-
quence (h(lo), ey h(NO)) is then processed by a L-layer Transformer
encoder with multi-head self-attention and GELU-activated MLPs,
yielding representations th). The final velocity prediction for par-

ticle i is obtained by a shared linear head ué (Xp,t) = WouthSL).

Architecturally, the particle index embedding e; is deliberately
simple: it plays the same role as a standard positional embedding in
Transformers, i.e., a learned token-wise bias that lets the network
distinguish different positions. We refer to it as a particle index
embedding to emphasize that the “position” here is the canonical
particle index rather than a grid coordinate.

This architecture is intentionally plain; we attribute the observed
improvements primarily to the probability path design and the use
of identity embeddings rather than to architectural sophistication.

For conditional generation tasks such as minimal surface gener-
ation with anchor points, we extend this architecture with cross-
attention layers interleaved every few self-attention blocks. Con-
dition tokens are projected to the embedding dimension and serve
as keys and values, with particle tokens as queries. To handle vari-
able numbers of condition tokens (e.g., 3-8 anchors), we pad to a
maximum count using learnable missing embeddings and apply
attention masks to ignore padded positions.
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OT-based
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Fig. 4. Visualization of index-conditioned velocity fields in a realistic minimal-surface configuration (area-constrained). For each strategy, we sample 1000
random noise configurations x, for each minimal-surface target x; and construct couplings using independent coupling [Lipman et al. 2022], OT-based
coupling [Klein et al. 2023; Song et al. 2023], and our orbit-space canonicalization. Left: four minimal-surface boundary point sets with particles colored by
index; arrows show, for a single trial, the velocity x! — xé of two highlighted particles (black: Index=0, blue: Index=112) from a shared initialization x,. Right:
empirical per-particle velocity fields for the same indices, obtained by aggregating these velocities over the 1000 (xo, x;) pairs and interpolating them onto a
grid; streamlines visualize flow trajectories induced by these vector fields. As in the conceptual illustration Figure 3, independent and OT-based couplings
spread the possible endpoints for each index around the surface, whereas our orbit-space canonicalization concentrates them into a small, stable region and

yields straighter flows.

Ours (3-Step Generation Results)

JEND=S IR

TS/

Fig. 5. Minimal surface generation with variable anchors (3-8). 3-
step generation results from a single conditional model trained on varying
anchor counts. The generated boundaries appear smooth and accurate
across diverse configurations.

4.2 Orbit-Space Canonicalization on X;

In this subsection we analyze the regression problem and show that
orbit-space canonicalization of the terminal endpoint X; reduces the
conditional covariance Cov(Y | X; = x) of the regression target Y,
which measures how noisy the regression problem is for the velocity
predictor. We illustrate the conditional distribution conceptually in
Figure 3 and in a real training scenario in Figure 4.
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We define the regression target (for the linear path; the geometric-
path extension is in Section 5.3) as

X1 - X
y =22 X, - X, (4)
1-t
The Bayes-optimal velocity is
u(x,t) =E[Y | X; =x]. (5)

A smaller conditional covariance Cov(Y | X; = x) directly lowers
the irreducible MSE of the Bayes-optimal predictor, making the
velocity regression easier to learn. We use the trace tr Cov(-) as a
scalar measure of this covariance.

Orbit symmetry and canonicalization. After pose normalization
(Section 3.3), we model the residual permutation symmetry by as-
suming that, for each fixed X; = x,

X | (X =x) £ p(G) L ©)

where G is a random permutation in Sy and { is a canonical repre-
sentative. Applying the law of total covariance to X; with respect to
G yields the decomposition (see Appendix C for the full derivation):

Cov(X; | X;=x) =Eg|[Cov(X; | X;=x,G)]

intrinsic variability

+ Cov(E[X; | X;=x,G] | X;=x). @

role-ambiguity term > 0



The first term is the intrinsic variability conditioned on a fixed
permutation, averaged over G; the second term captures the addi-
tional variability from random G. Exploiting the G-invariance of a
canonicalization map C (Section 3.3), the second term vanishes for
X := C(Xy), giving for Y := (X; - X;)/(1 - 1):

trCov(Y | Xy =x) > tr COV(Y | X; = x) . (8)

Therefore, without canonicalization, this covariance contains
an extra component from random permutations, forcing identity
embeddings to average over different roles. Orbit-space canonical-
ization of X; removes exactly this role-ambiguity term, so that each
identity embedding can specialize to a well-defined canonical role
and the targets become easier to learn. Our ablations in Section 7.3.2
empirically confirm that the largest gains arise when identity em-
beddings and one-sided canonicalization are used together.

4.3 Orbit-continuous canonicalization and straight flows

We now turn to our second objective: encouraging straight flows.
Beyond reducing conditional variance at each fixed configuration x;,
we would like the Bayes-optimal velocity field u*(x, t) in Eq. (5) to
vary smoothly across nearby configurations. Since the full trajectory
satisfies the ODE

FTR u* (x4, 1),

a locally Lipschitz velocity field with a small Lipschitz constant
encourages nearby trajectories to remain coherent and to change
direction smoothly over time. This motivates a canonicalization
map C that is well behaved on the orbit space, so that nearby orbits
are mapped to nearby canonical representatives.

To make this precise, we consider the orbit space O = (RP)N /G
and equip it with a metric dp that is invariant under the group
action. We say that a canonicalization map C : (RP)N — (RP)N
is orbit-continuous if it maps nearby orbits to nearby canonical
representatives in (RP)N in a Lipschitz manner, i.e., if there exists
a constant Ly, such that for all x, x” € (RP)V,

IC(x) = C(x)l < Lorb do(Orb(x), Orb(x)). ©)

The Bayes-optimal velocity can be written as

w(xt) =E[Y | X, =x] = % (m(x) - x), (10)
where the canonical mean is m(x) := ]E[fl | X; = x] .

Under natural smoothness assumptions on the endpoint distri-
bution over the orbit space (see Appendix E for details), the canon-
ical means m(x) inherit orbit-Lipschitz regularity from the orbit-
continuity of C. Combining this with Eq. (10), we obtain a local
Lipschitz bound for the Bayes-optimal velocity field:

lu(x,t) —u”(x",)]| < Lya(t) do(Orb(x), Orb(x")),  (11)

where Ly (t) is a time-dependent constant controlled by Ly, and the
intrinsic smoothness of the canonical means. Thus, orbit-continuous
canonicalization maps that align neighboring orbits with neighbor-
ing canonical representatives ensure a continuous velocity field and
thereby encourage straight flows. Since each per-particle velocity
is a component of the full vector field u*(x, t), this regularity also
transfers componentwise to the individual particle trajectories.
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Practical canonicalization maps. In practice, we first apply a sim-
ple pose-normalization step (recenter and align a PCA frame), which
removes translations and global rotations. The main challenge lies in
the remaining symmetry, the permutation part Sy, whose combina-
torial complexity grows as N!. We therefore focus our design effort
on a robust permutation canonicalization. We find that a Hilbert
space-filling curve ordering provides a stable permutation of parti-
cle indices under small perturbations. Figure 26 compares several
alternatives (e.g., Z-order, Moore curve). For joint canonicalization
(See Section 5.3) we analogously apply a n-dimensional Hilbert sort
[Skilling 2004]. In the minimal-surface experiments (Fig. 5 and Fig. 6)
we instead use a simple rule: we pin left bottom anchor as index 0
and then enumerate boundary particles in counterclockwise order
along the curve. All of these constructions are designed to satisfy
the orbit-continuity intuition that neighboring orbits should induce
nearby canonical representatives and avoid abrupt role flips.

4.4 Canonicalizing X, increases Lipschitz ratios

A natural follow-up question is whether we should also canoni-
calize the noise endpoint X,. We show that further canonicalizing
Xo amplifies directional cancellation events and inflates the local
Lipschitz ratios of the velocity field; a detailed derivation is given
in Appendix D.

We measure the smoothness of the velocity field via nearest-
neighbor Lipschitz ratios. For each k-NN edge (i, j) built on the
interpolants xii) = (1—t)xéi) + txii), the Lipschitz ratio is

I - 8|
Lij(t)* = 12
ij (1) =020 + A (12)

where A{(,ij )= xgi) —xﬁj ) Once Xj is canonicalized, Aiij )is typically

small. If X, is also canonicalized, the contracted Zéij ) reaches a

comparable scale to Aiij ), making it much easier for the two vectors
to nearly cancel in the denominator while the numerator stays large
(Figure 7). By contrast, keeping X, uncanonicalized preserves a large
spread in A(()ij ), making such cancellation statistically unlikely.

We empirically verify in Section 7.4 (Figure 28) that our one-
sided canonicalization strategy (canonicalizing X; only) achieves
the smallest local Lipschitz ratios and the lowest prevalence of
high-cancellation edges among all four canonicalization regimes
(no canonicalization, X, only, X; only, and both).

5 Geometric Probability Paths for Attribute Encoding

This section focuses on the third key component of OGPP: geomet-
ric probability paths. The previous section focused on how to
process the endpoints of the probability path by performing sym-
metry reduction on the terminal distribution. We now turn to the
second design axis: the shape of the probability path itself.

In standard flow matching, the conditional path between noise
and data is often taken to be a linear interpolation. While this choice
is simple and effective for transporting particle positions (or, more
generally, distributions), it leaves the terminal velocity field at t = 1
geometrically under-utilized: the velocity at the endpoint does not
carry any intrinsic meaning. We exploit these unused degrees of
freedom by constructing geometric probability paths whose terminal

ACM Trans. Graph., Vol. 45, No. 4, Article 117. Publication date: July 2026.
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Initial xo 1-Step Generation Results 10-Step Generation Results GT
- . ’ . A
. . 4
M Minibatch OT EqFM Ours M Minibatch OT EqFM Ours

Fig. 6. Minimal surface generation (3 anchors). We consider the 2D analog of minimal surfaces: soap film boundaries satisfying area constraints. We
compare 1-step and 10-step generation results with different methods. Red dots indicate anchor particles; blue dots show generated boundary particles. Our
method produces accurate minimal surface boundaries in a single step, while baselines require multiple steps and exhibit artifacts. Ground truth (GT) shown
on the right.

— %

AG) = x® _ x0)

3 [[u® —uD||
Y IAD)|

OO
Fig. 7. lllustration of directional cancellation in the Lipschitz ratio. Squares
represent stacked particle vectors in RPN, Left: When A(()ij) and Aiij)
point in opposite directions, the denominator nearly vanishes while the
numerator remains large, yielding a large Lipschitz ratio. Right: Without
such cancellation, the ratio stays moderate.

Unused terminal tangent DoF

o " Xo
Attribute-encoded terminal ta

/ﬁ‘\

n{\=

Linear path

Geometric Probability Path \|
(Quadratic Hermite Curve)

Fig. 8. Geometric probability paths for attribute encoding. Left: Our
geometric probability path (quadratic Hermite curve) aligns the terminal
tangent with the surface normal ny, encoding per-particle attributes into
the path geometry. Right: Standard linear interpolation leaves the terminal
velocity as an unused degree of freedom.
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tangent aligns with a per-particle attribute. In this work, we instan-
tiate this attribute as the surface normal of the shape. Formally,
let the conditioning variable be z = (x;,n;), where x; € R? is the
target position and n; € R® is the associated surface normal. We
design conditional probability paths that satisfy three boundary
conditions: (i) the path starts at noise, x(0) = xy ~ pinit; (ii) the
path ends at the target position, x(1) = x;; and (iii) the terminal
velocity encodes the attribute, v; = x(1) « n;. Conditions (i) and
(ii) leave the shape of the path largely unconstrained; by slightly
bending the path away from a straight line to enforce (iii), we turn
the terminal tangent—an otherwise free degree of freedom in the
linear path—into a structured carrier of geometric information (see
Figure 8 and Figure 10 for an illustration).

In this section, we first introduce quadratic Hermite probability
paths in Section 5.1. We then choose an arc-length-aware terminal
velocity to stabilize time sampling in Section 5.2, extend canonical-
ization to the joint position-normal endpoints via joint canonical-
ization in Section 5.3, and finally characterize the marginal terminal
velocity at ¢t = 1 as a normal predictor together with its training and
inference usage in Section 5.4 and Section 5.5.

5.1 Quadratic Hermite Curves

We construct the probability paths using a quadratic Hermite curve
that satisfies the boundary conditions above. We define the curve

y(t) as:
y() =x0 +a(t) - (x1 — x0) + B(¢) - 01, (13)

where the basis functions are a(t) = 2t — t2, B(t) = t2 —t,and v,
denotes the terminal tangent that we assign at t = 1.

Conditional velocity field. Differentiating Eq. (13), we obtain the
conditional velocity field along the curve:

2
u (x]2) = I__t(xl —xt) - o1 (14)



Normalized Terminal Velocity (NTV) Arc-length Terminal Velocity (ATV)  Canonicalized Flow Matching (6D)

nyr:

F &

Canon. FM (6D)

Fig. 9. Ablation on normal encoding strategies. Top row: Screened Pois-
son reconstructions from NTV, ATV, and canonicalized 6D flow matching
(Canon. FM 6D), with normal-colored point clouds inset. Bottom rows:
zoomed-in comparisons against the ground truth (GT). ATV and Canon. FM
(6D) achieve comparable quality and accurately reconstruct small Voronoi
cells and thin structures that NTV fails to capture.

REMARK 1. The quadratic Hermite path is the simplest polynomial
path satisfying our three boundary conditions. A cubic Hermite spline
would introduce an additional degree of freedom (the tangent att = 0),
which is unnecessary for our purpose. We verify in our ablation study
(Table 9) that the quadratic path achieves the best performance.

5.2 Arc-Length Terminal Velocity (ATV)

For surface normals, only the direction of v; is constrained; its mag-
nitude is a free parameter. We exploit this freedom to achieve ap-
proximately uniform speed profiles along each trajectory, so that
uniform time sampling ¢ ~ Uniform(0, 1) correlates well with uni-
form sampling along the curve.

Concretely, for each particle, Algorithm 1 (lines 5-13) computes
the chord length D = ||x; — x| and the alignment S = d-f1; between
chord direction and normal, and sets the terminal velocity to

Liyc = D(1+A(1-9)), 01 = Lachy. (15)
The scaling L,y adapts the terminal speed to the chord length and
the angle between the chord and the normal: when the normal
is aligned with the chord (S =~ 1), the path is nearly straight and
|lo1]] ® D; when they are misaligned (S < 1), the path bends more
and a larger ||v1|| compensates to maintain uniform speed. This
computation is inexpensive (only norms and dot products) and em-
pirically produces trajectories whose speed variation over ¢ is much
smaller than the naive unit-norm baseline (normalized terminal ve-
locity, NTV, which sets ||1]| = 1). As shown in Figure 10, our ATV
approximation closely matches a numerically optimized solution
that directly minimizes speed variance. A detailed discussion of
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NTV (Normalized Terminal Velocity)

5 0.0 t.\o}o ° o4 ° __./'t:()'g il=1.00
=02 - =06 t=10
[Arc-length spacing variance: 04007525]
0 1 2 3 4

ATV (Arc-length Terminal Velocity with Approximation, Ours)

t=0.0
[vi|=4.07

t=0.2
5
[Arc-length spacing variance: 0.000086] t=0.6

Jvi)=4.3¢
t=1.0

t=0.2
[Arc-length spacing variance: 0.000029] t=0.6

0 1 2 3 4
X

Fig. 10. Comparison of terminal velocity magnitude choices. Red dots in-
dicate uniform time samples ¢t € {0,0.2,0.4,0.6,0.8,1.0}; green arrows
show ;. Top: NTV sets ||oy || = 1, yielding nonuniform arc-length spacing.
Middle: Our ATV approximation sets ||o1|| = D(1 + A(1 — S)), achieving
near-uniform spacing with negligible overhead. Bottom: Numerically opti-
mized ATV chooses ||y || to minimize speed variance along the curve, giving
optimal uniformity but requiring numerical optimization.

why NTV leads to nonuniform speed profiles is provided in Ap-
pendix F. We additionally compare NTV and ATV in Figure 9 (see
experimental details in Section 7.3.4).

5.3 Joint Canonicalization for Attribute-Encoded Paths

The conditional-covariance analysis in Section 4.2 was derived
for the linear probability path, where the regression target Y =
(X1 — X;)/(1 —t) depends only on the endpoint position X;. Under
the geometric probability path Eq. (13), differentiating yields the
regression target

Y; = &(Xl _Xt) -V (16)
where V] is the stacked terminal velocity defined by Eq. (15). For
each X; = x, the randomness now comes from the joint endpoint
Z = (X1, V;) € (RN, not just from X;.

Under the same orbit-symmetry factorization as Section 4.2, ex-
tended to the joint endpoint Z, orbit-space canonicalization of Z
reduces the conditional covariance Cov(Z | X; = x); since Y; is an
affine function of Z, this decreases the conditional covariance of Y;
as well. In particular, joint canonicalization lowers the irreducible
MSE of the velocity predictor, making the geometric-path regression
problem strictly easier to learn.

Implementation via 6D Hilbert curve. In practice, we concate-
nate the position x; and attribute n; for each particle into a six-
dimensional vector (x1,n;) € R®, and apply a N-dimensional Hilbert-
curve [Skilling 2004] in this joint space. We compare 6D Hilbert
ordering (position + normal) against 3D Hilbert ordering (position

ACM Trans. Graph., Vol. 45, No. 4, Article 117. Publication date: July 2026.
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10-Step Generation Results

200-Step Generation Results

Original FM  Minibatch OT EqFM Ours

Dataset Sample ~ Original FM  Minibatch OT

EqFM Ours Dataset Sample

Fig. 11. DLA generation comparison. 10-step (left) and 200-step (right) generation results. At 10 steps, baselines produce scattered, non-fractal structures,

while ours exhibits realistic dendritic branching. At 200 steps, all methods improve; ours appears closest to the ground-truth fractal morphology. Color encodes

particle attachment order (early: dark, late: light).

only) in Table 9: the joint canonicalization improves normal estima-
tion (average cosine similarity from 0.91 to 0.92, standard deviation
from 0.21 to 0.19) and generation quality (1-NNA accuracy from
0.78 to 0.61).

5.4 Marginal Velocity at Terminal Time

The key theoretical question is: what does the marginal velocity
field u{ef (x) represent at the terminal time? By the marginalization
trick (Theorem 3.2), the trained network learns to approximate the
marginal velocity, not the conditional one. We now show that at
t = 1, the marginal velocity is precisely the expected attribute given
the position.

Intuitively, at t = 1, the conditional path collapses to a point mass
Pp1(+|2) = 8x,, so only conditioning variables with x; = x contribute
to the marginalization integral. Since u{ef(x|z) = Nj, the marginal
velocity becomes:

ult (x) = / Nip(NiX; =x) ANy =E [N; | X5 = x] . (17)
See the supplement for the full proof.

5.5 Implications for Training and Inference

The preceding analysis has direct practical implications. During

training, the same network u/ learns:

e the transport velocity for t € [0,1), and

e att = 1, the conditional expectation E[N; | X; = x].

No separate network or training procedure is needed for normal

estimation. Therefore, during inference:

(1) firstintegrate the ODE fromt = 0 to ¢ = 1 to obtain the generated
position x1;

(2) then evaluate uf (x1) to get the predicted attribute Nj.

The generated point cloud comes equipped with surface normals as a

byproduct of the flow, at no additional computational cost. Note that

individual ODE trajectories are governed by the learned marginal

velocity field rather than any single conditional Hermite path.

6 Algorithm Overview

We summarize our training and inference procedures in Algorithm 1
and Algorithm 2, assuming a batch size of 1. Training integrates
three key components, as illustrated in Figure 2. First, orbit-space
canonicalization (Section 4) canonicalizes only the terminal endpoint
X to reduce conditional covariance and straighten flows (lines 2—4).
Second, particle index embedding (Section 4.1) allows each index
to specialize to its canonical role, turning the regression problem

ACM Trans. Graph., Vol. 45, No. 4, Article 117. Publication date: July 2026.

Algorithm 1 OGPP Training

Input: Dataset D = {(xij), n(lj))}?'il, number of particles per sam-
ple N, canonicalization map C(-), hyperparameter A

Output: Trained velocity network uf

1: repeat

Ny > Noise

3 Sample zii) = (xii), n§i>) from ©  » Data with attributes

4 (xii), nii)) — C(xl(i), nii)) > Joint canon. (Sec. 4, Sec. 5.3)

5 for each particle k = 1,..., N in parallel do

2 Sample xéi) ~ Uniform([-1, 1]

6: DWWk ||x§i>’k - xéi)’kH > Chord length
7: dWik (x;i)’k - xéi)’k)/D(i)’k > Chord direction
8: f:ii)’k — nii)’k/Hnii)’kH > Unit normal
9: Sk gk . flgi)’k > Directional alignment
10: LK DOk . (14 A(1 - S()KY) > Arc-length
11: vl(i)’k — Léig’k . ﬁgi)’k > ATV (Eq. 15, Sec. 5.2)
12: Construct y(i)’k(t) from xéi)’k, xl(i)’k, v}i)’k > Sec. 5.1
13: end for

14: Sample ¢t ~ Uniform([0, 1])
15: for each particle k = 1,..., N in parallel do

16: xii)’k — yDk(p) > Interpolated position
17: vt(i)’k — y(i)’k(t) > Reference velocity (Eq. 14)
18: end for ) )

19: LD + ZkN:1 ||uf’k(xlfl)) - vt(’)‘k”z > MSE loss

20: Update 6 via gradient descent on £ )
21: until converged

from a noisy mixture into well-separated families of trajectories.
Third, geometric probability paths (Section 5) replace linear paths
with quadratic Hermite paths, encoding surface normals in the
terminal tangent with arc-length-aware velocity (lines 6-12).

At inference time (Algorithm 2), we draw noise from the same
prior and integrate the learned velocity field u? forward from t=0
to t=1 using a standard ODE solver. The final positions x; give the
generated particle locations, and the terminal velocity u; yields the
surface normals after normalization.

7 Experiments

We evaluate our framework on two groups of tasks: energy-driven
particle generation and 3D shape generation. By energy-driven, we
refer to particle generation problems whose targets are equilibrium
configurations of explicit physical or geometric energy functionals.
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Fig. 12. Uniform blue-noise generation. Comparison of flow-matching variants for 1024-point uniform blue-noise generation. Row 1: One generated point
set. Row 2: 2D power spectrum averaged over 1K generated samples. Row 3: Radial power spectrum averaged over 1K generated samples. Row 4: Delaunay
triangulation valence (color indicates neighbor count). Our method (5M and 26M) produces the sharpest spectral ring, and the results closely match the
ground truth.

Algorithm 2 OGPP Inference 3D shape and geometry tasks include point cloud generation on
ShapeNet and single-shape encoding [Zhang et al. 2025] on complex

meshes.

Input: Trained velocity network uf, number of particles per sample
N, number of steps K

. ; i\N ; HIVN .. .
Output: Generated particles {x}};\; with normals {f'};%; Model, Training, and Dataset Setup. For model architecture, we

1: Sample xo ~ Uniform([~1, 1]V) > Initial noise adopt a plain transformer (See Section 4.1) with 5M or 26M parame-
2 At < 1/K > Step size ters depending on task complexity, trained on NVIDIA RTX 4090
3 fork=0,....K—-1do or H200 SXM GPUs. For canonicalization strategies, we use Hilbert
& t—k-At curve sorting as our standard strategy across all experiments, ex-
5: u! (x;) — evaluate NN at (x;, ) cept for minimal surface generation where we use counterclockwise
6: for each particle i = 1,.. ., N in parallel do polygon ordering to respect boundary structure. We train for 3K
7: xi,,, < Step(xl, u®'(x,), At)  » ODE integration epochs on energy-driven tasks (6K for 26M blue noise), 8K epochs
8: end for on CelebA, and 50K epochs on ShapeNet for ours and comparison
9: end for models. Our method and baselines (Original FM, Minibatch OT) use
10: 0} "f’l(xl) fori=1,...,N > Terminal velocity batch size 200 for most tasks, with 256 for 5M blue noise and 3360
1: Al — ol /||ot|| fori=1,...,N > Unit normal for 26M blue noise; Similar to [Hui et al. 2025], we use batch size 8
12: return {x, A’} for EQFM due to its O(B2N?) OT coupling cost, but we train it for

the same wall-clock time as the other methods to ensure a fair com-
parison. Full training configurations are provided in Table A-1 in the

Such tasks include blue-noise sampling, minimal surfaces, diffusion-
limited aggregation (DLA), and the multilayer Thomson problem.

appendix. For energy-driven tasks, we generate training data using
domain-specific algorithms and solvers. We use the CelebA dataset

ACM Trans. Graph., Vol. 45, No. 4, Article 117. Publication date: July 2026.
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[Liu et al. 2015] for adaptive blue noise generation, ShapeNet [Chang
et al. 2015] for point cloud generation, and Thingil0k [Zhou and
Jacobson 2016] for single-shape encoding. Evaluation metrics and
baselines specific to each task are described in the corresponding
subsections.

7.1 Energy-driven Particle Generation

We evaluate our approach on four energy-driven particle genera-
tion tasks, where equilibrium configurations arise as minimizers of
physical or geometric objectives. For each task, we assess quality
using intrinsic metrics that are aligned with the underlying energy
functional. We first introduce the task background, then describe
the dataset construction and evaluation metrics, and finally compare
our method against competing baselines.

The plots that compare metrics against baselines as a function
of inference steps (Figure 13) demonstrate that our method yields
straighter, higher-quality flows: it achieves better metric values
with fewer steps and typically converges earlier than the baselines.

7.1.1  Blue-Noise Generation. Blue-noise distributions are funda-
mental to rendering and scientific computing, characterized by sup-
pressed low-frequency content and isotropy that maximize sampling
efficiency while minimizing aliasing artifacts [Cook 1986; Ulichney
1988]. Yellott [Yellott Jr 1983] demonstrated that primate photore-
ceptor arrangements exhibit blue-noise characteristics, suggesting
evolutionary optimization for visual sampling.

Dataset Construction and Evaluation Metrics. We use the state-of-
the-art Gaussian Blue Noise (GBN) [Ahmed et al. 2022] to generate
the uniform blue-noise dataset and its serial variant [Ahmed 2024]
to generate the adaptive blue-noise dataset. We evaluate generation
quality visually using the radial power spectrum and the valence of
the Delaunay triangulation, and quantitatively using two metrics:
Pearson correlation and relative L, error against the ground-truth
spectral profile.

Uniform Blue Noise Generation Results. We generate 400K uniform
blue-noise point sets of N = 1024 points using a constant density
field as input to GBN. We train both the baseline methods and our
approach on a subset of 50K point sets for unconditional generation,
and additionally train a large variant of our model on the full set
of 400K point sets. We compare against Original Flow Matching
[Lipman et al. 2022], Minibatch OT [Pooladian et al. 2023; Tong et al.
2023], and Equivariant Flow Matching (EqFM) [Klein et al. 2023;
Song et al. 2023], all trained with 5M parameters. To demonstrate
scalability, we additionally train a 26 M-parameter variant of our
model on the full dataset.

Figure 12 shows qualitative and quantitative comparisons. The
first row displays generated point samples; the second row shows
the 2D power spectrum averaged over 1000 generated samples; the
third row plots the radial power spectrum, computed by azimuthally
averaging the 2D power spectrum; and the fourth row visualizes
the valence of Delaunay triangulation, where each Voronoi cell is
colored by its number of neighbors, more uniform coloring indi-
cates better spatial regularity. Among the methods compared, our
method produces the closest spectral match to the ground-truth pro-
file. Quantitative results are summarized in Table 2: our 5M model
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Fig. 13. Quantitative metrics vs. inference steps for all energy-driven
tasks. Our method (green) achieves low error from early steps and remains
stable, while baselines converge slower and plateau at higher error levels.

outperforms the tested baselines, and our 26M model achieves Pear-
son correlation 0.999 and L, error 0.014. Figure 13b shows metric
evolution across integration steps: our method reaches high Pearson
correlation and low L, error from early steps, while the baselines
require more steps to converge and plateau at higher error levels.
We also conduct an ablation study on canonicalization strategies
for this task, detailed in Section 7.3.1.



Table 2. Quantitative comparison on uniform blue-noise generation. Pear-
son correlation (higher is better) and relative L, error (lower is better) are
computed against the ground-truth radial power spectrum over 1000 gener-
ated samples.

Method Pearson T L, Error |
Original FM (5M) 0.956 0.122
Minibatch OT (5M) 0.888 0.185
EqFM (5M) 0.867 0.198
Ours (5M) 0.994 0.049
Ours (26M) 0.999 0.014

o | B |

Fig. 14. Adaptive blue-noise generation on CelebA. Unconditionally
generated face distributions using our 26M model trained on 200K adaptive
blue-noise samples. Point density varies with image intensity, revealing
facial features—eyes, nose, mouth, and hair contours—while maintaining
local blue-noise spectral characteristics throughout.

Adaptive Blue Noise Generation Results. We extend our approach
to adaptive blue-noise sampling, where point density varies spatially
according to image intensity. Using the CelebA dataset [Liu et al.
2015], we generate 200K adaptive blue-noise samples by applying
serial GBN to each face image, then train our 26M model for uncon-
ditional generation. As shown in Figure 14, the model successfully
learns the joint distribution of facial geometries and the underlying
blue-noise characteristics, generating diverse, stylized faces.

7.1.2  Minimal Surfaces (Area-Constrained). Minimal surfaces are
surfaces that locally minimize area under given boundary con-
straints, arising naturally in soap films, biological membranes, and
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architectural structures [Isenberg 1992; Plateau 1873]. Given a set
of anchor points defining the boundary, the minimal surface sat-
isfies the Laplace equation with zero mean curvature. Classical
computational methods solve this as a boundary-value problem
through iterative optimization [Brakke 1992; Pinkall and Polthier
1993]. We reformulate this as a conditional generation task: given
anchor points, directly generate boundary points that lie on the
corresponding minimal surface.

Dataset Construction and Evaluation Metrics. We sample random
anchor configurations on the domain boundary of a 256 x 256 grid
and compute minimal surface boundaries using an approximate
method [Israelachvili 2011] with target area fraction 0.7. Each sam-
ple consists of anchor positions as conditioning input and 256 bound-
ary points as the target output. We conduct two experiments: (i)
fixed 3-anchor configurations, and (ii) variable 3-8 anchor configura-
tions. We evaluate generation quality using three metrics averaged
over 100 samples: area fraction error measures deviation from the
target enclosed area; angle smoothness quantifies boundary curve
regularity via angular variation; and uniformity CV (coefficient of
variation) assesses the evenness of point spacing along the boundary.
Lower values indicate better quality for all metrics.

Fixed Anchor Count Results. Figure 6 compares 1-step and 10-step
generation results for configurations with 3 anchors at random po-
sitions. Here, all methods (Original FM, Minibatch OT, EqFM, and
ours) use 5M parameters. Our method produces visually accurate
minimal surface boundaries in a single inference step, while the
baselines tested here fail to form coherent shapes. With 10 steps,
baseline methods still exhibit noticeable artifacts: scattered points,
irregular spacing, and boundary distortions. Quantitative results in
Table 3 confirm this observation. Specifically, with a single inference
step, our method achieves area fraction error of 0.004, angle smooth-
ness of 0.33, and uniformity CV of 0.34, while baselines show area
errors exceeding 0.69 (Original FM, Minibatch OT) or poor smooth-
ness and uniformity (EqFM). With 10 inference steps, our method
further improves to area error 0.004, angle smoothness 0.08, and
uniformity CV 0.08, representing an order-of-magnitude improve-
ment over all baselines. Figure 13a shows metric evolution across
inference steps: our method achieves low error from the first step
and remains stable, whereas baselines improve slowly and plateau
at substantially higher error levels even with 200 inference steps.

Variable Anchor Count Results. We further evaluate our method
under varying anchor counts (3-8) at random boundary positions,
using a conditional model architecture that generalizes across dif-
ferent configurations (see Section 4.1). As shown in Figure 5, our
method produces smooth and accurate minimal-surface boundaries
with 3 inference steps across all anchor counts and positions.

7.1.3  Diffusion-Limited Aggregation. Diffusion-limited aggregation
(DLA) models fractal growth through Brownian-motion particle
attachment, producing dendritic structures observed in electrodepo-
sition, mineral formation, and biological branching [Meakin 1983b;
Witten Jr and Sander 1981]. A key characteristic of DLA clusters is
their fractal dimension D¢, which approaches 1.71 + 0.01 in 2D as
N — oo [Meakin 1983a; Witten Jr and Sander 1981]. We formulate
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Fig. 15. Our generated DLA growth process, rendered as a growing bacterial colony in a Petri dish.

Table 3. Quantitative comparison on minimal surface generation (3 anchors,
random positions). All metrics are lower-is-better, averaged over 100 samples.

Method AreaErr.| Angle Smooth.| Unif.CV |

I-step generation

Original FM 0.700 1.974 1.123
Minibatch OT 0.689 2.011 0.906
EqFM 0.040 1.444 1.304
Ours 0.004 0.330 0.343

10-step generation

Original FM 0.047 1.220 1.363
Minibatch OT 0.049 1.185 1.317
EqFM 0.042 0.901 1.272
Ours 0.004 0.083 0.078

DLA generation as an unconditional task where the model learns
to produce realistic fractal clusters.

Dataset Construction and Evaluation Metrics. We run standard
DLA simulations with N = 1024 particles on a 256 X 256 grid
using a circular seed, generating 50K samples. For each sample,
we record per-particle positions and attachment times as triplets
(x,y,t), where t is the time step at which the particle first appears in
the cluster. To visualize the DLA growth process, we first generate
these (x,y,t) triplets and sort the particles by their time coordi-
nate ¢. In this example, our canonicalization consists of a Hilbert
sort applied to the (x,y,t) triplets. We evaluate using the fractal
dimension Dy computed via the gyration method: the radius of
gyration scales as Ry(N) ~ N UDr  and Dy is obtained by fitting
log Ry versus log N. For finite N = 1024, the expected fractal di-
mension is Dy ~ 1.58 because of finite-size scaling effects [Meakin
1983a; Tolman and Meakin 1989], rather than the asymptotic value
1.71. Because of a slightly different dataset construction procedure
and the finite-sample estimation based on 100 dataset samples, our
simulated dataset has a smaller ground-truth fractal dimension of
D](ET ~ 1.51. We report the absolute error ID;g(en - D?Tl averaged

over 100 generated samples.

Generation Results. Table 4 summarizes the results. Our method
achieves the lowest fractal dimension error at both 10 and 200 in-
ference steps. Figure 13c shows Dy and its error across varying
inference steps: while all methods exhibit some oscillation, ours
remains the most stable and converges to the lowest error. Figure 11
provides a qualitative comparison at 10 and 200 inference steps. For
a fair visual comparison, we unconditionally generate 400 samples
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Table 4. Fractal dimension error on DLA generation. |D§en —Dj(ng computed
via gyration method, averaged over 100 samples (lower is better).

Method 10-step | 200-step |
Original FM 0.116 0.018
Minibatch OT 0.042 0.015
EqFM 0.018 0.018
Ours 0.011 0.007

with each trained model and, for a chosen dataset example, retrieve
the closest generated sample from each method using the Chamfer
Distance (CD). At 10 steps, baseline methods produce scattered,
non-fractal structures lacking the characteristic dendritic branching
of DLA, while our method exhibits realistic fractal morphology
comparable to a dataset sample. At 200 steps, all methods improve,
but ours maintains the closest resemblance to the dataset sample
in terms of branching density and radial structure. . Furthermore,
Figure 15 visualizes the temporal evolution of our generated DLA
clusters rendered as a growing bacterial colony.

7.1.4  Multilayer Thomson Problem. The Thomson problem seeks
minimum-energy configurations of N electrons on a sphere under
Coulomb repulsion [Smale 1998; Thomson 1904]. We extend this
to a multilayer setting: particles are distributed across concentric
spherical shells, interacting via pairwise Coulomb repulsion Eqoy =
2i<j 1/1xi—x;|, while being constrained to their respective shells by
a radial potential. This models atomic shell structures and provides
a challenging 3D equilibrium problem with both intra-layer and
inter-layer interactions.

Dataset Construction and Evaluation Metrics. We simulate 3 con-
centric shells with 128 particles each (384 total), using gradient-
based optimization with Coulomb forces and shell-confining springs
until convergence. We generate 20K equilibrium configurations as
training data. We evaluate generation quality using two metrics
averaged over 100 samples: CV average (coefficient of variation of
nearest-neighbor distances) measures spatial uniformity on each
shell, and Fi,n RMS (root-mean-square tangential force) quantifies
deviation from force equilibrium. At a true minimum, tangential
forces vanish.

Generation Results. Table 5 summarizes the results. Our method
achieves the best performance on both metrics at 20 and 200 infer-
ence steps. At 20 steps, the tangential force RMS is roughly an order
of magnitude lower than Original FM (4.99 vs. 102.4), suggesting
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Ours Dataset Sample

Fig. 16. Multilayer Thomson problem generation. Comparison of generated three-shell electron configurations (128 particles per shell). The top row
shows the full configuration, and the bottom row zooms into the region indicated by the red box. Red circles mark irregular particle-spacing artifacts that
remain in Original FM and Minibatch OT, while EqFM and our method produce Poisson-disk-like particle distributions on each shell that closely match the

ground-truth equilibrium structure.

Table 5. Quantitative comparison on multilayer Thomson problem (3 shells
X 128 particles). CV average and tangential force RMS, averaged over 100
samples (lower is better).

20-step 200-step

Method

CV] Fanl CV] Fal

Original FM 0.173 1024  0.073  10.55
Minibatch OT ~ 0.158  52.16  0.070 3.80
EqFM 0.103  28.61  0.075 8.11
Ours 0.088 4.99 0.061 2.54

that the generated configurations lie closer to energy minima. Fig-
ure 13d shows metric evolution across inference steps: our method
converges faster and achieves lower error throughout. Figure 16
provides qualitative comparison, where our generated configura-
tions exhibit uniform particle spacing within each shell and proper
inter-shell separation, closely matching ground-truth equilibrium
structures.

7.2 3D Shape Generation

We evaluate our framework on 3D shape generation tasks, testing
both our canonicalization strategy for position-only generation and
our geometric probability paths for joint position-normal generation.
All experiments in this subsection use point clouds with N = 2048
points and 26M-parameter models.

7.2.1  ShapeNet Point-Cloud Generation. Following prior work, we
evaluate on three ShapeNet [Chang et al. 2015] categories: airplane,
chair, and car. We compare against the same baselines (Original FM,
Minibatch OT, EqFM), all trained under identical settings for fair
comparison. Using the evaluation protocol of Yang et al. [Yang et al.
2019], we report 1-NNA accuracy under both Chamfer Distance
(CD) and Earth Mover’s Distance (EMD), where values closer to 50%
indicate better generation quality.

Position-Only ShapeNet Generation. Table 6 compares our method
against flow-matching baselines and prior work. Results for Orig-
inal FM, Minibatch OT, EqFM, and our method are from models
we trained; other results are taken from respective papers with the
same setting. Our method achieves the best EMD scores among
flow-matching approaches across all categories (EMD is generally
considered a more informative metric for global shape distribution
quality than CD). Notably, we match the performance of NSOT [Hui
et al. 2025] with approximately 5x fewer inference steps (200 vs.
1000), and achieve airplane EMD comparable to DiT-3D (XL) [Mo
et al. 2023] using roughly 26X fewer parameters (26M vs. 675M) and
5% fewer inference steps. Figures 17, 18, and 19 show qualitative
comparisons at 40 and 200 inference steps. Following Hui et al. [Hui
et al. 2025], we unconditionally generate hundreds of shapes with
each method and take samples generated by our model as references
and, for each such sample, retrieve from every baseline the gener-
ated point cloud with the smallest Chamfer Distance (CD) to that
reference, yielding shape-wise aligned comparisons. At 40 inference
steps, competing baselines tend to produce less coherent shapes,
whereas our model generates diverse, realistic geometries; at 200
steps, some of their samples remain less detailed and faithful than
ours.

Following [Zhang et al. 2023], we further evaluate generation
quality via Rendering-FID and Rendering-KID on the ShapeNet
airplane category. Each generated and training shape is rendered
from 10 viewpoints, and both metrics are computed between the
generated and training rendering sets using Clean-FID [Parmar et al.
2022]. As shown in Table 7, our method achieves the lowest FID and
KID among the flow-matching baselines.

ShapeNet Point-Cloud Generation with Encoded Normals. We fur-
ther evaluate unconditional joint position-normal generation on
the ShapeNet airplane category. A key advantage of our geometric
probability paths is that they produce consistently oriented surface
normals as a zero-cost byproduct of the flow, without requiring any
additional network output or post-processing. For ShapeNet dataset,
we first apply marching cubes to the voxelized shapes to obtain wa-
tertight meshes, so that we have consistently oriented ground-truth
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Fig. 17. ShapeNet airplane generation. Comparison at 40-step and 200-step inference.
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Fig. 18. ShapeNet car generation. Comparison at 40-step and 200-step inference.
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Fig. 19. ShapeNet chair generation. Comparison at 40-step and 200-step inference.

surface normals. Figures 20 and 21 visualize two unconditional gen- at the terminal time. Figure 22 compares our generated normals
eration processes using 200 inference steps with green line segments against PCA-estimated normals on the same point cloud. While PCA
indicating velocity directions, which converge to surface normals
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Table 6. Quantitative comparison on ShapeNet. 1-NNA accuracy (%) with Chamfer Distance (CD) and Earth Mover’s Distance (EMD); closer to 50% is better.
Two-stage latent methods first train a VAE to compress point clouds into a latent space, then train generative models in that space. ': trained by us for fair

comparison; others from original papers.

#Params Infer Two-stage Airplane Chair Car
Model Method

M) Steps Latent cCh| EMD| | CD| EMD| | CD| EMD|

PVD-DDIM [Zhou et al. 2021] 28 100 X 76.21 69.84 61.54 57.73 60.95 59.35

Original FMT [Lipman et al. 2022] 25 200 X 81.98 66.29 66.77 65.03 75.57 60.94

Minibatch OT? [Tong et al. 2023] 25 200 X 80.12 67.90 71.68 69.49 71.31 61.22

M Equivariant Fm¥ [Klein et al. 2023] 25 200 X 91.85 85.93 74.62 70.32 92.90 79.69
NSOT [Hui et al. 2025] - 1000 X 68.64 61.85 55.51 57.63 59.66 53.55

Ours 26 200 X 69.38 58.77 61.93 58.38 60.65 55.39

Ours (1000) 26 1000 X 71.35 62.96 58.23 55.14 | 59.54 53.26

DPM [Luo and Hu 2021] 3.9 100 X 76.42 86.91 60.05 74.77 68.89 79.97

PVD [Zhou et al. 2021] 28 1000 X 73.82 64.81 56.26 53.32 54.55 53.83

LION [Zeng et al. 2022] 111 1000 v 67.41 61.23 53.70 52.34 53.41 51.14

FrePoLad [Zhou et al. 2024b] - 1000 v 65.25 62.10 52.35 53.23 51.89 50.26

Diffusion NWD [Hui et al. 2022] 31 100 X 59.78 53.84 56.35 57.98 61.75 58.54
3DShape2VecSet [Zhang et al. 2023] 270 18 v 62.75 61.01 54.06 56.79 86.85 80.91

DiT-3D (S) [Mo et al. 2023] 33 1000 X - - 6072 56.04 - -

DiT-3D (XL) [Mo et al. 2023] 675 1000 X 62.35 58.67 49.11 50.73 | 48.24 49.35

I-GAN [Achlioptas et al. 2018] 1.9 1 v 87.30 93.95 68.58 83.84 66.49 88.78

PointFlow [Yang et al. 2019] 1.6 var. v 75.68 70.74 62.84 60.57 58.10 56.25

Others DPF-Net [Klokov et al. 2020] 3.8 var. v 75.18  65.55 62.00 58.53 62.35 54.48
SoftFlow [Kim et al. 2020] - var. v 76.05 65.80 59.21 60.05 64.77 60.09

SetVAE [Kim et al. 2021] 0.7 1 v 75.31 77.65 58.76 61.48 59.66 61.48

ShapeGF [Cai et al. 2020] 5.3 100 v 80.00 76.17 68.96 65.48 63.20 56.53

Table 7. Rendering-FID and Rendering-KID (x10%) on ShapeNet airplane
(lower is better).

Method FID | KID (x10%) |
Original FM  7.659 3.582
EqFM 11.586 6.990
Ours 6.693 2.708

can recover approximate normal directions, it cannot determine con-
sistent orientations, leading to failures at thin structures like wings
and tail fins. The top-left part additionally shows Screened Poisson
reconstruction [Kazhdan et al. 2006; Kazhdan and Hoppe 2013] com-
parison, where PCA-based reconstruction exhibits artifacts due to
these inconsistent normal orientations. We further quantify normal
accuracy via unoriented angular deviation in Section 7.3.4, confirm-
ing that our method also achieves lower angular error than PCA
estimation. Together, these results demonstrate that our geometric
probability paths produce accurate, consistently oriented normals,
enabling high-quality surface reconstruction.

7.2.2  Single-Shape Encoding. We evaluate on the single-shape en-
coding task proposed in Geometry Distributions [Zhang et al. 2025],
where a generative model encodes a single geometry. Following this

setup, we train per-shape models with our geometric probability
paths on complex meshes from Thingil0k [Zhou and Jacobson 2016].
At inference time, we generate 256 batches of N = 2048 points, yield-
ing about 500K points with normals using 300 inference steps, which
we feed into Screened Poisson reconstruction [Kazhdan et al. 2006;
Kazhdan and Hoppe 2013].

We compare against three baselines: (1) Geometry Distributions
(3D) [Zhang et al. 2025], which generates positions only and esti-
mates normals via PCA; (2) Generalized Variance Preserving (gVP)
Path (3D) [Albergo and Vanden-Eijnden 2022; Chang et al. 2024;
Ma et al. 2024], which, similar to our approach, interprets terminal
velocities as normals but strongly relying on the assumption that
the learned density collapses to a near-delta distribution around the
surface; and (3) Geometry Distributions (6D), which explicitly gen-
erates 6D position-normal vectors. Figure 24 shows comparison on
a challenging coral cuff mesh with thin structures. Geometry Distri-
butions (3D) produces sparse, clustered point distributions, resulting
in poor mesh quality with PCA-estimated normals. Generalized VP
recovers normals from terminal velocities, but the predicted normals
are noisy and often misaligned, so the reconstructed mesh exhibits
pronounced artifacts. Geometry Distributions (6D) achieves results
comparable to ours but requires generating 6D outputs.

Figure 23 shows additional results on diverse Thingil0k meshes,
including thin structures (single tear), solid objects (dendrite, angel),
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Fig. 20. 3D generation with encoded normals on ShapeNet airplane. Green line segments show velocity directions during generation, which converge to

surface normals at the terminal frame.

Fig. 21. 3D generation with encoded normals on ShapeNet airplane. Additional samples demonstrating consistent normal generation across diverse

airplane geometries.

Local PCA Normals OGPP Normals (Ours)

Fig. 22. Normal comparison on ShapeNet airplane. Top-left: Poisson re-
construction from our generated normals. Our method produces consistent,
accurate normals compared to PCA-estimated normals.

and shapes with complex topology (alien egg, honeycomb jar). Left
columns show generated point clouds colored by predicted normals,
while right columns show meshes reconstructed with Screened
Poisson. Our method consistently recovers accurate normals and
supports high-fidelity reconstructions across this range of geometric
complexity.

7.3 Ablation Studies

We conduct ablation studies to analyze three key design choices in
our framework: (1) orbit-space canonicalization strategy and initial
noise distribution, (2) particle index embeddings, and (3) geometric
probability paths for normal generation.

7.3.1 Canonicalization Strategy and Initial Noise Distributions. We

evaluate different canonicalization strategies and initial noise dis-
tributions on the uniform blue-noise task (Section 7.1.1) using the
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Table 8. Ablation study on canonicalization strategies and initial noise
distributions for uniform blue-noise generation. Pearson correlation (higher
is better) and L; error (lower is better) against ground-truth radial power
spectrum.

Method Pearson T L Error |
Canonicalized Noise 0.210 0.383
Hilbert-stratified Noise 0.896 0.184
Gaussian Noise 0.994 0.048
Scaled Gaussian Noise 0.994 0.049
Moore Curve 0.993 0.053
Z-order Curve 0.993 0.050
Hilbert Curve (Ours) 0.994 0.049
Toroidal Boundary 0.994 0.046

same 5M model and 50K training samples. Table 8 and Figure 26
summarize the results.

Several observations emerge from Table 8 and Figure 26. First,
canonicalizing only the noise endpoint X, without sorting X; fails to
capture blue-noise structure (Pearson 0.21), confirming our theoreti-
cal analysis that canonicalization on the X; side is essential. Second,
Hilbert-stratified noise (second column) implements a two-sided
canonicalization strategy: we sample X, by placing one particle
at each grid-cell center, adding small jitter, and then sorting these
points by their Hilbert indices, while X; is Hilbert-sorted in the
usual way. This construction slightly improves over canonicalized
noise alone (first column) but still performs markedly worse than
the other configurations. Third, using Gaussian and scaled Gauss-
ian noise (third and fourth columns) yields nearly identical power-
spectrum metrics, indicating that modest changes in the noise vari-
ance have little effect on performance in this setting. Fourth, among
space-filling curve orderings (Moore, Z-order, Hilbert; fifth-seventh
columns), all achieve comparable performance, but we occasionally
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Fig. 23. Single shape encoding. Left: point clouds colored by predicted
normals. Right: reconstructed mesh.

observe that samples generated with Z-order curves contain points
that are too close to each other. We therefore adopt Hilbert order-
ing as our default due to its stronger locality-preserving properties.
Fifth, employing a toroidal probability path (last column), which
effectively imposes periodic boundary conditions so that trajectories
can wrap across the domain boundary, leads to a slight additional
improvement. However, this gain is marginal, we also occasionally
observe point pairs that are too close, and such a path may not be
equally beneficial for competing methods, so we retain the simpler
linear path when comparing across baselines in Section 7.1.1.

Overall, we adopt Hilbert curve sorting with uniform noise as
our standard configuration, as it offers a simple, well-standardized
choice with consistently strong performance.

7.3.2  Particle Index Embedding. As shown in Figure 25, we conduct
an ablation on area-constrained minimal surface generation with
three anchors to disentangle the roles of orbit-space path design and
per-particle identity embeddings (Figure 25). We compare four vari-
ants: vanilla flow matching in the Eulerian view, with and without
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Table 9. Ablation study on geometric probability path design for
position-normal generation. Avg. Cos. Sim.: average cosine similarity
between generated and dataset normals (higher is better). Std. Cos. Sim.:
standard deviation (lower is better). 1-NNA Acc.: joint position-normal 1-
NNA accuracy (closer to 50% is better).

Canon. Hermite ngy Noise Avg.Cos. 1-NNA

Degree Shape Sim. T Acc. |
Hilbert 6D  Cubic =% Box 0.89 0.82
Hilbert 6D Cubic (] Box 0.90 0.74
Hilbert 3D  Quadratic N/A Box 0.91 0.78
Hilbert 6D  Quadratic N/A Sphere 0.83 0.99
Hilbert 6D  Quadratic N/A Shell 0.91 0.65
Hilbert 6D  Quadratic N/A Box 0.92 0.61

index (identity) embeddings, and our OGPP framework, also with
and without identity embeddings. Equipping vanilla flow matching
with particle identities alone fails to recover high-quality mini-
mal surfaces, even with more inference steps. Without per-particle
identities, our method produces shapes that are only on par with
vanilla flow matching. Only the full OGPP model, which combines
orbit-space canonicalization with Lagrangian identity-conditioned
trajectories, yields smooth, well-formed minimal surfaces in as few
as one ODE step, matching the intuition from our introduction that
both components are necessary to untangle mixed particle roles and
straighten the learned flows.

7.3.3  Geometric Probability Path Design. We ablate geometric prob-
ability path configurations on the ShapeNet airplane category with
joint position-normal generation. Our geometric probability paths
involve several design choices: (1) canonicalization dimension, i.e.,
whether to sort particles using Hilbert curves in 3D position space
or 6D position-normal space (joint canonicalization); (2) Hermite
degree, where quadratic interpolation encodes only the terminal tan-
gent (normal), while cubic interpolation additionally specifies the
initial tangent no; (3) initial tangent ny, which for cubic paths can be
set to zero or aligned with the displacement direction (x;—x)/||x1—
xo||; and (4) noise shape, i.e., the distribution of initial points xq,
which can be box (uniform in [~1, 1]%), sphere (uniform on the unit
sphere), or shell (uniform in a spherical shell). Table 9 summarizes
the results, evaluated by average cosine similarity between gener-
ated normals and dataset normals, its standard deviation, and joint
position-normal 1-NNA accuracy.

Quadratic interpolation consistently outperforms cubic (rows
1-2 vs. 3-6), suggesting that encoding only the terminal tangent
is sufficient and that additionally constraining the initial tangent
over-specifies the path. Joint canonicalization, i.e., sorting in 6D
position-normal space, improves over 3D sorting (row 3 vs. 6), which
is consistent with our earlier analysis in Section 5.3. Noise shape has
a substantial impact: sphere noise yields poor results (0.83 cosine
similarity, 0.99 1-NNA), likely because particles start on a lower-
dimensional manifold, whereas box noise provides full-dimensional
support and achieves the best performance. For cubic paths, setting
ny = 0 outperforms aligning it with the displacement direction,
indicating that simpler initial conditions aid optimization.
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GeomDist (3D generation)

Generalized VP (3D generation)  GeomDist (6D generation) Ours (3D generation)

Fig. 24. Single-shape encoding comparison on Coral Cuff. Row 1: generated point clouds with zoomed-in details. Row 2: generated point clouds colored
by normal direction. Row 3: meshes reconstructed via Screened Poisson. Geometry Distributions (3D) produces sparse, clustered points, while Generalized VP
yields noisy normals on thin structures. Geometry Distributions (6D) further requires 6D outputs and higher computation. Our 3D geometric probability paths

achieve quality comparable to 6D methods while maintaining the efficiency of a purely 3D generation process.

Initial xq 1-Step Generation Results 10-Step Generation Results GT
.. . . . \\'}\
. “ ‘\\
N, N L . Voot
. [ B, i e
. . . Yoo _ > R
. . . e |3
. . . ! 1
& 1"2‘;
i4 ALY
A JA
¢ . z'/ ' \\ .// ' ‘\\
. . . . . . NS [ R
: . . 1A 4
A )
VAR VAN
4 - . "M ya B 4 hY
. . . e B '/l "__‘_,,__.As "!‘,4— ’/_._..,—-i«
. . . A7 P
FM (w/ p-ID) FM Ours (w/o p-ID) Ours FM (w/ p-ID) M Ours (w/o p-ID) Ours

Fig. 25. Minimal surface (area-constrained) generation ablation study (3 anchors). Comparison of 1-step and 10-step generations; red dots indicate
anchor points (conditioning locations), and ground truth (GT) is shown on the right. Without per-particle index (identity) embeddings, our method has only
similar expressive power to vanilla Flow Matching (Eulerian view), while equipping vanilla Flow Matching with particle identities alone still fails to produce

high-quality minimal surfaces.

Based on these results, we adopt joint canonicalization with 6D
Hilbert-curve sorting, quadratic Hermite probability paths, and box
noise as our default configuration.

7.3.4  Arc-length Terminal Velocity. We ablate the effect of terminal
velocity magnitude on surface generation quality. As described in
Section 5.2, for normal encoding, only the direction of the terminal
velocity v; is constrained, so its magnitude is a free parameter.
Normalized Terminal Velocity (NTV) sets ||o1|| = 1 for all particles,
while our Arc-length Terminal Velocity (ATV) scales ||v;|| based
on chord length and normal alignment (Eq. 15) to achieve more
uniform speed profiles along trajectories.
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Figure 9 compares NTV and ATV on the Voronoi bunny mesh.
ATV reconstructs more accurate geometry, particularly visible in
the zoomed-in regions (red boxes): small Voronoi cells and thin
hole boundaries are clearly preserved with ATV, while NTV fails
to capture these fine details. We additionally evaluate normal accu-
racy via the unoriented angular deviation between predicted and
GT normals at the closest projected surface points on 100K gener-
ated points. The median unoriented angular error is 7.6° (ATV) vs.
12.4° (PCA-ATV), and 10.9° (NTV) vs. 17.3° (PCA-NTV). The PCA
baselines differ because the two methods generate different point
distributions, changing the local neighborhoods used for covariance
estimation.
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Fig. 26. Ablation study on canonicalization strategies and initial noise distributions. Row 1: generated point sets. Row 2: averaged 2D power spectrum.
Row 3: radial power spectrum compared to ground truth. Red boxes highlight point pairs that are too close to each other.

Table 10. Inference time benchmark comparing Plain Transformer and
PVCNN. Measured on a single NVIDIA H100 SXM GPU with BF16, batch
size 256, averaged over 100 runs.

Model  Size N Dim Params ParticleID Perm.-eq. ms/samp. samp./s
default 1024 2 5M v X 0.121 8299
default 2048 3 5M v X 0.278 3595
large 1024 2 26M v X 0.324 3089
Plain large 2048 3 26M v X 0.755 1324
Trans.
default 1024 2 5M X v 0.120 8306
default 2048 3 5M X v 0.278 3597
large 1024 2 25M X v 0.323 3092
large 2048 3 25M X v 0.754 1326
1024 3 28M v 16.952 59
PVCNN X
- 2048 3 28M X v 17.008 59

7.3.5 Comparison with Direct 6D Generation. We also compare our
path-based normal encoding against directly generating 6D position-
normal pairs via canonicalized flow matching (Canon. FM 6D). As
shown in Figure 9, Canon. FM (6D) achieves comparable recon-
struction quality to ATV, confirming that our geometric probability
path encodes normals as effectively as explicit 6D generation. The
advantage of our approach is representational economy: the flow
transports only 3D positions, while normals are recovered from the
terminal velocity at no extra cost.

7.3.6  Generalization: Nearest-Neighbor Analysis. To assess overfit-
ting risks, we retrieve the nearest training neighbor under Chamfer
Distance for each generated airplane. As shown in Figure 27, gener-
ated samples differ visibly from their closest matches, suggesting
novel geometry synthesis rather than memorizing.

7.3.7 Permutation Equivariance and Inference Efficiency. Table 10
compares inference performance between our Plain Transformer
backbone and PVCNN. Our plain transformer architecture achieves
significantly higher throughput, benefiting from the efficiency of
attention-based computation on modern GPUs.

Ours Nearest Training Sample Ours Nearest Training Sample

PO 2 P S

Fig. 27. Generated airplanes (left of each pair) and their nearest training
samples under Chamfer Distance (right of each pair). The generated shapes
are visually distinct from their closest training neighbors, indicating that
the model produces novel geometry rather than memorizing training data.

7.4 Mid-time analysis for Lipschitz ratio and directional
cancellation

Here we empirically evaluate the Lipschitz ratio and directional
cancellation introduced in Section 4.4 in a realistic training setting
on our uniform blue-noise dataset.

Experimental setup. We sample N = 500,000 pairs (xt(i), ugi)) at
the midpoint ¢t = 0.5 from our uniform blue noise dataset (See
Section 7.1.1), randomly select A = 4,000 anchors, and build a k-NN
graph with K = 32 neighbors per anchor. We partition anchor-
neighbor pairs into B = 10 equal-frequency distance bins, where
bin 1 contains the closest pairs and bin 10 the most distant. Within
each bin, we report summary statistics (median and 90th percentile);
Details of the quantile-bin construction are given in the supplement.

At the midpoint t = % the squared Lipschitz ratio is:

”Ail]) _ A(()U) ”2

() =a il 0 7
SR T "
1 0

Large values of L;;(1/2) are driven by near-cancellation in the de-

nominator, i.e., by configurations where A(()ij )~ —Aiij ).

Cancellation score. To quantify the degree of directional cancella-
tion, we define the cancellation score for each k-NN edge (i, j):

iy A=A+l
canc " — L ,
(1= OIAD | + AP +
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Fig. 28. Mid-time analysis of Lipschitz ratios and directional cancellation. From left to right: median and 90th percentile Lipschitz ratio, median and
90th percentile cancellation score at ¢ = 1/2 over k-NN edges (bins ordered by distance). Lower L;; and higher scanc are better. Canonicalizing X; only (“sort
x1”, Ours) yields the lowest Lipschitz ratios and highest cancellation scores, matching our directional-cancellation analysis. See more experimental details in

Section 7.4.

where ¢ > 0 is a small constant for numerical stability. A score close
to 1 indicates that Aé” ) and Ai” ) are roughly aligned, while a score

close to 0 indicates near-perfect cancellation (A(()ij ) ~ —1—;A§ij )).
Figure 28 reports both quantities at t = 1/2 across four configu-
rations (no canonicalization, canonicalize X, only, canonicalize X;
only, and both). The results strongly support our theoretical anal-
ysis: one-sided canonicalization of X; (Ours) achieves the lowest
and most stable Lipschitz ratios (median ~ 2.00, P90 ~ 2.02) and
the highest cancellation scores (~ 0.92), indicating that most k-NN
edges correspond to genuinely close pairs with minimal spurious
cancellation. In contrast, two-sided canonicalization produces the
highest Lipschitz ratios (P90 up to 2.30) and the lowest cancella-
tion scores (~ 0.72), confirming that canonicalizing both endpoints
contracts Aéij ) to the same small scale as Aiij ), thereby drastically
increasing the frequency of directional cancellation events.

8 Discussion

Why canonicalization helps. Canonicalization fundamentally works
by exploiting structural commonalities shared across samples. For
3D shapes, there is typically a point that is relatively “bottom-left”
of the configuration; consistently assigning index 0 to that point
concentrates the positional range covered by that index.

Conditions for reduced benefit. Canonicalization provides smaller
gains when samples share less common structure or when the cho-
sen ordering captures it less effectively. In the extreme case where
the data has no exploitable common structure, OGPP gracefully
degrades to standard flow matching. This is consistent with our
experiments: on synthetic benchmarks such as minimal surfaces,
where target configurations are relatively simple, canonicalization
yields large improvements, while on complex real-world shapes
(e.g., diverse ShapeNet categories) the gains are more moderate.

Domain-specific alternatives. When the Euclidean space-filling
curve is insufficient, a more domain-appropriate canonicalization
can be substituted. We already demonstrate this: for minimal sur-
faces (Figures 5 and 6), we use counterclockwise polygon ordering
instead of Hilbert sorting. For articulated shapes, a promising di-
rection is sorting in the spectral domain. More generally, domain
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knowledge about expected commonalities can be translated into a
canonicalization strategy, making OGPP adaptable to diverse tasks.

9 Conclusion

In this work, we introduced Orbit-Space Geometric Probability Paths
(OGPP), a flow-matching framework designed for generative mod-
eling of particle systems. While most modern generative models
in graphics adopt a grid view, OGPP treats particles as persistent
entities evolving through physical space, with identities, trajecto-
ries, and geometry-aware dynamics. We explored whether explicitly
respecting permutation symmetry and physical semantics in the
probability-path design can improve the learning problem for parti-
cle generation.

Concretely, OGPP addresses permutation symmetry through ter-
minal canonicalization, which our analysis and experiments suggest
reduces per-particle ambiguity and helps each particle assume a
more consistent role. Particle index embeddings further introduce
identity-aware conditioning, aiming to disentangle mixed regres-
sion targets. Our geometric probability paths show that the terminal
velocity in flow matching can serve as a carrier for per-particle at-
tributes such as surface normals. Together, these components are
designed to make particle flow matching a more structured learn-
ing problem, and our experiments on the tested benchmarks in-
dicate straighter flows and reduced inference cost. More broadly,
this formulation shows that flow-based generative modeling can
be designed natively for particles, and opens up new opportuni-
ties for graphics generative systems that tightly integrate sampling,
geometry, and physics with particle representations. We view this
work as an initial investigation into particle-centric probability-path
design for flow matching, and hope it motivates further study in
this direction.

Limitations. Our approach has several limitations that suggest
promising directions for future research. First, our current frame-
work operates on a fixed number of particles and relies on full
attention, whose quadratic cost in particle count limits scalability to
larger particle systems. Second, our geometric probability paths do
not correspond to Wasserstein-2 optimal transport; lacking the geo-
desic property of W, displacement interpolation, they may induce



slightly more curved probability flows. Third, orbit-space canonical-
ization introduces an additional design degree of freedom and can
induce useful structure in the canonical indexing (e.g., locality or
ordered semantics). However, our current framework does not ex-
plicitly leverage this induced structure to encode extra information,
leaving the canonicalization choice underutilized. Fourth, the bene-
fit of canonicalization depends on how much common structure the
data exhibits; on datasets with high variability, the improvements
are more moderate than on structurally regular benchmarks.

Future Work. Motivated by these limitations, future work will
explore sparse, hierarchical, and locality-aware architectures in-
spired by physical interactions, where only nearby particles exert
significant influence. We also plan to extend OGPP to variable par-
ticle counts. On the probability-path side, a natural direction is to
explore a richer family of geometric probability paths, e.g., higher-
order or piecewise-smooth constructions that could better trade
off geometric attribute encoding and transport optimality, poten-
tially approaching W-consistent behavior when desired. Finally, we
will investigate canonicalization as an explicit information channel
by designing canonicalizers whose index order aligns with task-
relevant semantics (e.g., temporal order), enabling such signals to
be encoded implicitly through indices rather than introducing addi-
tional generation dimensions.
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A Flow Matching Details

For more detailed expositions of the flow matching framework,
see [Holderrieth and Erives 2025; Lipman et al. 2022, 2024].

Probability paths and velocity fields. To define suitable training
targets, flow matching specifies, for each data point x; ~ pgata, @
conditional probability path p,(- | x1), t € [0, 1], which starts from
Pinit at t = 0 and collapses to a point mass at x; at ¢t = 1. Intuitively,
pe(- | x1) describes how noise samples are transported toward
the terminal location x;. Each such path is realized by a reference
conditional velocity field u{ef (- | x1) such that the solution X; of
the induced ODE satisfies X; ~ p;(- | x1). By averaging p; (- | x1)
OVer X1 ~ Pdata, ONe obtains a marginal probability path p; that
interpolates between pipit and pyata-

Marginalization trick. A central tool in flow matching is the
marginalization trick, which expresses the marginal velocity field
as a posterior-weighted average of conditional velocities. Let p;
be the marginal probability path induced by the conditional paths
pe(- | x1). Then the marginal velocity field can be written as Eq. (2),
where the weighting factor is exactly the posterior of x; given
X; = x. With this choice, the ODE Eq. (1) driven by uief transports
Pinit along p; and reaches pgat, at t = 1.

Flow matching training. In practice, the marginal velocity field
Eq. (2) is intractable to evaluate directly. Instead, flow matching
trains u? to regress onto the conditional reference velocity along the
probability paths via the conditional flow matching loss Eq. (3). This
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objective is equivalent, up to a constant, to a marginal regression
loss that matches u! to the marginal velocity u!f (x).

B  Group Theory Details

Groups and group actions. A group (G, -) is a set G equipped with
a binary operation - satisfying associativity, the existence of an
identity element, and the existence of inverses. A group G acts on a
set X if there is a map G X X — X, written (g, x) — g - x, such that
e - x = x for the identity e € G and (g; - g2) - x = g1 - (g2 - x) for all
g1,92 € Gand x € X.

Rigid motions as preprocessing. Physically, particle configurations
are defined only up to global rigid motions (translations and rota-
tions) and permutations. In all our experiments we first normalize
away global pose by recentering each configuration and aligning
a canonical frame (e.g., via PCA), so that the remaining symmetry
is purely combinatorial: permutations of particle indices. We note
that PCA-based alignment cannot resolve axis sign flips and may
become ambiguous when the inertia tensor has degenerate eigenval-
ues (e.g., for near-isotropic shapes); we address sign ambiguity with
a fixed sign convention and did not observe a noticeable impact on
generation quality in our experiments.

Orthogonal representations. In our setting, we consider groups
acting on Euclidean spaces via orthogonal representations. An or-
thogonal representation is a group homomorphism p : G — O(d),
where O(d) denotes the orthogonal group of d X d matrices R satis-
fying R™R = I. This means each group element g € G is represented
by an orthogonal matrix p(g), and the group action on R? is given

by g-x = p(g)x.

Orbits and invariant maps. The orbit of a configuration x € R¢
under the group action is the set of all configurations reachable
from x by group transformations: Orb(x) := {p(g)x : g € G}. Con-
figurations in the same orbit represent the same underlying object
under symmetry transformations (here, permutations of particle
indices after pose normalization). A function f : R? — Y is called
G-invariant if f(p(g)x) = f(x) for all g € G and x € R?; that is, f
is constant on each orbit.

Canonicalization (extended). A canonicalization map C : R? —
R? selects a representative from each orbit in a G-invariant way.
Formally, we require:

(1) C(p(g)x) = C(x) for all g € G and x € R? (G-invariance);
(2) C(x) € Orb(x) for all x € R? (the output lies in the orbit of
x).
The image C(x) is called the canonical representative of x. Together,
these conditions imply that C(x;) = C(x) if and only if x; and x;
lie in the same orbit, so C induces a bijection between orbits and
their canonical representatives.

C Conditional Covariance Reduction via Orbit-Space
Canonicalization: Detailed Derivation

This section provides the full derivation for the conditional covari-
ance reduction result in Section 4.2.
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Setup. We consider the full configuration X; = (X},..., va) €
(RP)N, and a network that predicts a velocity field u?(X,,t) €
(RP)N for the entire configuration. For the linear path, the regres-

sion target is
X1 —-X
Y= X - X, (19)
1-t
Covariance of the regression target. Combining Eq. (19) with the
Bayes-optimal velocity Eq. (5), the only source of randomness in Y

given X; = x is the endpoint Xl, and

Cov(Y | X; =x) = Cov(X; | Xy =x). (20)

(1 (1-1?
A smaller conditional covariance thus directly lowers the irreducible
MSE.

Orbit-factorization details. Under the orbit-symmetry factoriza-
tion Eq. (6),

Xi | (X =x) £ p(G) &, (21)
where G € Sy is a random permutation and p(G) is its permutation
representation on (RP)N . Let C : (RP)N — (RP)N be a G-invariant
canonicalization map (Section 3.3) and define X; = C(X;). The G-
invariance of C implies

Xi| (X% =xG=9) £ X|(X =x), (22)

so the conditional law of X; no longer depends on G.

Conditional covariance decomposition. Applying the conditional

law of total covariance to X; with respect to G gives

Cov(X; | X;=x) =Eg|[Cov(X; | Xy =x,G)] )
23
+ Cov(E[X; | X;=x,G] | X =x)

The first term is the intrinsic variability under a fixed permuta-

tion, averaged over G. The second term is a positive semidefinite

covariance capturing additional variability from random G.
Applying the same decomposition to X yields

Cov(X; | X;=x) =Eg [Cov()?l | X; =x,G)]
+Cov(E[X; | X =x,G] | X;=x).  (24)

=0
By Eq. (22), the inner conditional expectation does not depend on
G, so the second term vanishes.

Trace comparison. For each fixed G = ¢, the action p(g) is a
permutation matrix on the full configuration space and is therefore
orthogonal, and orthogonal transformations preserve covariance
trace:

trCov(X; | Xy =x,G=g) = trCov()?l | X =x,G = g) . (25)

Taking traces in Eq. (23) and Eq. (24), and using linearity of trace
and expectation, we obtain

tr Cov(X; | X; =x) = tr Cov(X; | X; =x)
+trCov(E[X; | X;=x,G] |X[=x) (26)
> tr Cov()?l | X =x).
Combining Eq. (20) and Eq. (26) yields the main result Eq. (8).
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D Lipschitz Ratio Analysis: Canonicalizing X,

This section provides the detailed derivation for Section 4.4, show-
ing why two-sided canonicalization inflates the nearest-neighbor
Lipschitz ratios of the velocity field.

Setup. We view each configuration x( = (x(’) ! .,.,xgi)’N) €

(R3)N as a stacked vector in R3V.

Nearest-neighbor Lipschitz ratios. Draw i.i.d. pairs {(xéi), x{i) M
with x(’) ii) € (RN, fix t € (0,1), and form the interpolants

1(i) _ x;i)

xil) =(1-1)x, ) 4 tx(l) u® —u( (1) t)

1-t
A short calculation shows that u) = xfi) - xéi), To quantify how
u varies under small perturbations, we build a k-NN graph on

{x (i)yM W 2> and for each edge (i, j) define the Lipschitz ratio as

“u(t) - u(})“
Lyj(1) += (i) ()
||xt X H
where the norms are in R*N, With the per-edge differences A(()ij )=
xéi) —xéj), Aiij) = xii) —xfj), and A;ij) = xii) —xt(j), the Lipschitz
ratio takes the form of Eq. (12).

One-sided vs. two-sided canonicalization. Since we focus on canon-
icalization at X, we assume X; has already been canonicalized so
that Ai” ) is typically small. We compare two regimes:

e One-sided canonicalization (ours). Canonicalize X; only. End-
point differences are (A(()ij), Aiij)), and L;;(¢)? is given by Eq. (12).

e Two-sided canonicalization. Also canonicalize X via the same
map C. Write x(l) C(x(l)) and A(”) éi) - Qéj).

By construction, canonicalization contracts the pairwise disper-
sion: for some 0 < ¢y < 1,

E[I1A;7117] = a E[I1Ag7 1],
with ap < 1 whenever the group symmetry is non-trivial.

Directional cancellation. The key phenomenon is directional can-
cellation in the denominator of Eq. (12). When A(()ij ) and Aiij ) point
in approximately opposite directions and have comparable magni-
tudes, the denominator (1 — t)Aéij )+ tAgij ) becomes small while
the numerator Aiij ) — A(()ij ) remains large.

Since the k-NN graph is built from small values of ||A,(ij ) ||, nearest-
neighbor edges are biased toward such cancellation events. Canoni-
calizing X; already makes Aiij ) small, so the denominator becomes
sensitive to A(()ij):

o If we keep Xy uncanonicalized, A(ij ) hasa relatively large spread.
It is statistically unlikely that A(U ) ~ —1—; A;U ), s0 most nearest-
neighbor edges correspond to genumely close configurations and
the denominator does not become spuriously small.

e If we also canonicalize X, Z(()ij ) reaches a similar scale to AY} ) 1t
becomes much easier for the two small vectors to nearly cancel
in(1-1¢) E(()ij) + tAfij), while the numerator Aiij) (”) stays
comparable. The k-NN construction then selects many edges with



tiny denominators but non-tiny numerators, yielding large L;;(t)
and a less smooth velocity field.

E Orbit-Continuous Canonicalization and Straight Flows:
Detailed Derivation

This section provides the detailed derivation for the orbit-continuous
canonicalization analysis in Section 4.3.

Smoothness of endpoint distributions over the orbit space. We as-
sume that the endpoint distribution X | X; = x varies smoothly
over the orbit space O, in the sense that nearby orbits Orb(x) and
Orb(x’) induce nearby terminal endpoint distributions. Without
canonicalization, this smoothness naturally lives at the level of
orbits; however, a poorly behaved canonicalization map C could
destroy it by introducing abrupt representative changes between
nearby orbits. To avoid such pathologies, we require C to be orbit-
continuous in the sense of Eq. (9). Under these conditions, the canon-
ical means m(x) inherit orbit-Lipschitz regularity: nearby orbits
induce nearby values of m(x).

Lipschitz bound derivation. Combining this orbit-Lipschitz regu-
larity of m with Eq. (10), we obtain the local Lipschitz bound Eq. (11),
where Ly (t) is a time-dependent constant controlled by the orbit-
Lipschitz constant Loy, (through the choice of C) and the intrinsic
smoothness of the canonical means.

From orbit metric to Euclidean metric. In practice, u* (-, t) is defined
on the Euclidean configuration space (RP)N. When dy is chosen
as the standard orbit metric

do(Orb(x), Orb(x")) = glrgl(f; llx = p(g)x"ll.

we have

do(Orb(x), Orb(x")) < [lx — x'|,
so Eq. (11) also implies a corresponding local Lipschitz bound with
respect to the Euclidean distance. Thus, the orbit-space analysis
directly controls the regularity of the velocity field in the actual
input space seen by the network.

F  Arc-Length Terminal Velocity: Detailed Discussion

This section provides a detailed discussion of the arc-length terminal
velocity (ATV) design described in Section 5.2.

Why normalized terminal velocity (NTV) is suboptimal. A naive
choice is to set ||lvy|| = 1 for all particles (normalized terminal
velocity, NTV). However, under NTV, paths with very different
chord lengths ||x; — x| share the same terminal speed. Distant
points must either move quickly at early times and then slow down,
or nearby points must start slowly and then accelerate, so different
trajectories exhibit very nonuniform speed profiles in ¢. This makes
t a poor surrogate for progress along the curve (i.e., normalized
arc length), so uniform sampling in t no longer corresponds to
approximately uniform sampling along the trajectory. One might
try to correct this with a fixed, hand-crafted non-uniform schedule in
t, but any such schedule can only compensate for a particular family
of acceleration patterns (e.g., accelerate-then-decelerate trajectories)
and will necessarily be suboptimal for trajectories that accelerate
and decelerate in the opposite order.
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Optimal speed-variance minimization. For the quadratic Hermite
path Eq. (13), the speed ||y(#)|| is the square root of a quadratic poly-
nomial in ¢, and the arc length L(x, x1,v1) = ﬁ)l [ly ()|l dt admits a
closed-form expression in terms of 4/ and log(-) (see the additional
supplementary material for the explicit formula and derivation).
Since only the direction of v; is fixed by the normal, we may write
vy = any with a scalar @, and choose @ by solving a one-dimensional
optimization problem that minimizes the variance of the speed pro-
file, a* = argmingefos,15.0] Varre[o1] (||)'/(t; a)||), yielding, for
each (xo, x1, 1), a Hermite trajectory whose speed over ¢ € [0, 1]
is as uniform as possible.

Cheap ATV approximation. In practice, optimizing the speed vari-
ance for every particle at every training step would introduce non-
trivial overhead. The ATV formula (Eq. (15)) approximates the opti-
mal solution using only the chord length D and the chord-normal
alignment S. This approximation is inexpensive (only norms and
dot products), yet empirically produces trajectories with much more
uniform speed profiles in ¢t than under NTV.
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