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Fig. 1. Demonstration of our differentiable fluid simulation on flow maps using our adjoint solver: Top: A sequence of 2D fluid shape optimizations
demonstrating smooth morphing between target silhouettes. Middle: 3D fluid control with multiple keyframes to guide a 3D letter morphing from "G" to "R"
to "A" to "P" to "H". Bottom: A vortex dynamics inference task that predicts future flow evolution from a sequence of observed past images.

This paper presents a novel adjoint solver for differentiable fluid simulation
based on bidirectional flow maps. Our key observation is that the forward
fluid solver and its corresponding backward, adjoint solver share the same
flow map as the forward simulation. In the forward pass, this map trans-
ports fluid impulse variables from the initial frame to the current frame to
simulate vortical dynamics. In the backward pass, the same map propagates
adjoint variables from the current frame back to the initial frame to compute
gradients. This shared long-range map allows the accuracy of gradient com-
putation to benefit directly from improvements in flow map construction.
Building on this insight, we introduce a novel adjoint solver that solves
the adjoint equations directly on the flow map, enabling long-range and
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accurate differentiation of incompressible flows without differentiating in-
termediate numerical steps or storing intermediate variables, as required in
conventional adjoint methods. To further improve efficiency, we propose a
long-short time-sparse flow map representation for evolving adjoint vari-
ables. Our approach has low memory usage, requiring only 6.53GB of data at
a resolution of 192° while preserving high accuracy in tracking vorticity, en-
abling new differentiable simulation tasks that require precise identification,
prediction, and control of vortex dynamics.
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1 Introduction

Accurately differentiating a dynamic fluid system, particularly com-
puting the derivatives of fluid variables over a long time horizon,
remains a fundamental challenge in both computer graphics and
computational physics. The primary difficulty arises from the intrin-
sic flow nature of fluids: unlike solid systems with more constrained
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con gurations, uid systems evolve freely over space and time un-
der physical laws, giving rise to a high-dimensional, continuously
deforming state space that signi cantly complicates the backward
di erentiation process. As the simulation progresses over longer
time periods (either forward or backward), numerical errors accu-
mulate at each timestep, further degrading the accuracy of gradient
computation and making the long-horizon derivative estimation
increasingly unreliable.

Two mainstream approaches have been developed for di eren-
tiating uid systems governed by the Navier Stokes equations in
both computer graphics and computational physics. One class of
methods directly di erentiates the discrete numerical scheme used
in the forward simulation. A representative example is the pioneer-
ing work by McNamara et al[2004], which employed a classical
advection-projection scheme [Stam 1999] in the forward process and
computes gradients by sequentially di erentiating the advection
and projection steps, where an adjoint system is solved to account
for the projection. This method has been highly successful within
the graphics community and has inspired a substantial body of
follow-up work (e.g., see Holl and Thuerey [2024]; Li et [@024c];
Takahashi et al[2021]). Since this approach directly targets the
discrete formulation used in the forward solver, it ensures that the
computed gradients are fully consistent with the actual simulation
steps, which is critical for using gradient information to guide opti-
mization processes (e.g., in control, animation, or design problems).
The other class of methods derives the adjoint system analytically
at the level of the continuous governing equations, followed by dis-
cretization of the resulting adjoint PDEs. Such approaches have been
widely adopted in computational uid dynamics for solving inverse

Zhigi Li, Jinjin He, Barnabéas Boércsok, Taiyuan Zhang, Duowen Chen, Tao Du, Ming C. Lin, Greg Turk, and Bo Zhu

strength of ow-map-based formulations. Leveraging this accuracy,
our method eliminates the need to di erentiate individual numer-
ical steps, thereby avoiding the high memory and computational
overhead associated with discrete di erentiation, and instead en-
ables direct solution of the continuous adjoint PDEs with improved
scalability and precision.

Motivated by this idea, we developed a novel adjoint solver
grounded in ow map theory to enable long-range, accurate di eren-
tiation of incompressible ow systems. Our system comprises three
key components: (1) a forward incompressible uid solver based on
bidirectional ow maps discretized over a sequence of grid-aligned
frames; (2) a backward adjoint solver that solves the adjoint equa-
tions using the same ow maps as in the forward process; and (3) an
acceleration strategy based on a long-short time-sparse ow map
representation to reduce computational cost without sacri cing ac-
curacy. The forward and backward solvers not only share the same
grid-based bidirectional ow maps but also apply the same numeri-
cal scheme to evolve uid quantities and their adjoints, respectively,
along opposite time directions.

2 Related Work

Di erentiable Fluid Simulation. Di erentiable uid simulation
in computer graphics typically computes gradients by di erenti-
ating the discretized forward simulation. The pioneering works
by Treuille et al [2003] and McNamara et gP004] di erentiates
the discretized advection-projection uid simulation method [Stam
1999] and has inspired a line of subsequent works [Holl eR&20;
Holl and Thuerey 2024, Li et 82024c; Pan and Manocha 2017; Taka-
hashi et al 2021]. Previous works have also studied di erentiating

problems (e.g., see Ga2ecki and Szumbarski [2022]; Stick [2012])sm00thed-particle hydrodynamics (SPH) [Li et 2023b], reduced-

However, to ensure that the discrete adjoint solution accurately
corresponds to the derivative of the discrete forward simulation,
these methods often rely on high-order discretization, particularly
in their advection schemes and spatial operators, which limits their
practicality in visual computing scenarios where computational
e ciency and scalability are critical.

We propose a new adjoint solver that improves both the accuracy
and e ciency of existing methods for di erentiable incompress-
ible ow simulation. Our approach is built upon the concept of
long-range bidirectional ow maps, which have recently emerged
as an e ective modeling framework for simulating a wide range
of uid systems and their multiphysics couplings dominated by
vortical dynamics (e.g., see [Chen et 2024b; Deng et a2023b; Li
et al. 2024b; Zhou et aR024] for examples). The core idea of the
ow-map method is to construct a mapping between the initial time
and the current time that accurately transports physical quantities
between corresponding spatial locations. The term "bidirectional”
refers to the capability of transporting quantities both forward and
backward in time, with the forward and backward maps forming a
consistent and temporally symmetric pair. A key observation un-
derlying our work is that this bidirectional ow map, originally
introduced to enhance the accuracy of forward simulation, can
be naturally repurposed to support the backward adjoint process.
Sharing the same ow map across both forward and backward pro-
cesses enables temporally symmetric transport of uid quantities
and their adjoints over extended time intervals, which is a proven
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mode uids [Chen et al20244a], and the lattice-boltzmann method
(LBM) [Ataei and Salehipour 2024]. These techniques have enabled
progress in uid control and optimization, but they can su er from
limited accuracy or high memory cost when applied to long-horizon
simulations. In contrast, our work does not di erentiate a discretized
uid simulator but directly discretize the continuous adjoint PDEs

of the Navier-Stokes equations, enabling more accurate numerical
solutions to the adjoint equations.

Adjoint Methods. The adjoint method is a standard mathemati-
cal tool for computing gradients in PDE-constrained optimization.
Studies in computational uid dynamics (CFD) typically apply it to
derive the adjoint Navier-Stokes equations [Giles et2003; Giles
and Pierce 2000; Jameson 1988; Stiick 2012], enabling sensitivity
analysis through backward-time evolution. Beyond uids, adjoint
formulations underpin a broad class of di erentiable physics frame-

works, where gradients of physical systems are leveraged for inverse

design, control, and optimization. Applications span elastic materi-
als [Du et al 2021; Geilinger et a2020; Hu et al2019b; Qiao et al
2021a], cloth simulation [Li et aR022; Qiao et aP020], contact
and collision [Huang et al2024a,b], magnetic shells [Chen et al
2022], and topology optimization [Feng et @023; Liu et al2018;
Sigmund 2001; Zhu et 82017]. These di erentiable physics sys-
tems enable diverse applications including robot design [Gjoka et al
2024; Ma et aR021], surface optimization [He et.8&2024; Mehta
et al 2022; Montes Maestre et.&023], parameter identi cation



Fig. 2. Vortex dynamics inference from velocity-field videos. Training
on the first 4 seconds infers 8 random vortices, maintaining accuracy over
extended 12-second predictions.

[Hahn et al 2019; Li et al2023a; Ma et aR022], microstructure
discovery [Huang et al. 2024a; Sigmund 2001], and policy learning
[Huang et al 2021; Li et al2018; Qiao et aR021b; Zhou et aR023],
typically using gradient-based optimizers like Adam [Kingma 2014]
or LBFGS [Nocedal and Wright 1999].

Flow Map Methods. Flow map methods trace their origins to the
method of characteristic mapping (MCM) by Wiggert and Wylie
[1976], later developed in computer graphics by Tessendorf and
Pelfrey [2011] and Qu et a]2019]. Recent progress on representing
a bidirectional map includes neural network-based storage compres-
sion [Deng et al 2023b], bu er-free Eulerian representations [Li
et al. 2025b], and the particle ow map method [Chen et 2D25;

Li et al. 2024b, 2025a; Wang et aD25; Zhou et al2024], which
have further enhanced accuracy. Gauge-based uid formulations
[Buttke 1992; Cortez 1996] have been explored with various ap-
plications [Feng et al2022; Li et al2024a; Nabizadeh et £022].
Despite their accuracy advantages, ow map methods su er from
high computational complexity, with traditional Eulerian ow map
(EFM) method [Deng et a2023b] requirings!=2° ow map evolu-

tion costs, recently addressed by time-sparse approaches [Sun et al

2025].

3 Physical Model
3.1 Dierentiable Fluid
Fluid Equations. We focus on the incompressible Navier Stokes

equations and the advection of a passive eld for uid simulation:

lu rO

1
— u= =r?,au,fe
a’e R

@
r u=0e
iy ro b = Qe

— )
where?, f,a = a denote the pressure eld, external force, and
the kinematic viscosity, respectively. The scalar didepresents

a passive quantity eld advected by the uid, such as smoke den-
sity or color. Given the velocity eld g and passive eldoy at
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Fig. 3. Vortex dynamics with obstacle interference. Method successfully
infers vortices with vortex-obstacle interactions, enabling accurate long-
term flow prediction around geometric constraints.

arbitrary start timeB B, Equation 1 determines their exact evolu-
tion forany C B with well-de ned boundary conditions, denoted
astue ® = Foc tuge lp®. The uid simulation method approxi-
mates this process numerically asct%o = B Tuge e, where
denotes numerical approximation.

Adjoint Equations. In uid-related optimization problems, we aim
to minimize an objective functional
1 1

1lye po =
B

luebe C°3x3Cse 3
Uc
where the objective functional integrandis a time-dependent func-
tional of the velocity eld u and the passive scalar for example, the
terminal velocity loss tuebe C° = X1C A° kutargetkg, where Uarget
andXdenote the target velocity eld and the Dirac delta function,
respectively. When applying common optimization methods such
as gradient descent to minimiZe, it is necessary to compute the
gradient information m—lz: and r'r']‘—k'z which are referred to
as the adjoints of yandhg, respectively. [Ga?ecki and Szumbarski
2022; Stiick 2012] shows that and k. follow the equations:

m
— W r® u=ruu . ,brb =r? .au —e
mC : d : mu
ru =0e (4)
m
— 1y ro b = —e
mC mb

where? is the adjoint pressure. Here we assume that the external
force f is independent of u antl, and more general cases can be
derived using the adjoint method. Given the adjoint velocity eld
U, and passive eldb, at timeA A, Equation 4 determine their
exact solution for anyC A with boundary conditions, denoted
astuc i = Baac u,ee . Di erentiable uid simulation aims at
approximating this process numerically aécot’)\c" = B U 00 Bo°.

3.2 Method Overview

We address uid-related optimization problems using the ow map
method, aiming to optimize parametetsso that the resulting uid
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(@) (b)

Fig. 4. Method overview. In (a), we illustrate the symmetry between
the forward and backward passes. The forward pass maps u using the
backward flow map , while the backward pass maps wsing the forward
flow map . Both and are opposite to the flow direction and require
repeated long-range integration for accuracy, leading to the original EFM's
$1< 20 time complexity, where< is the flow map length. In (b), we compare
our method with other di erentiable approaches. Due to lower accuracy,
existing methods indirectly approximate B B (semi-transparent one-
way arrows) through approximating F  F (dashed one-way arrows) and
directly di erentiating F (dashed double arrows). AlthougBis consistent
with £, B! Bis inaccurate. In contrast, our method leverages the strict
correspondence between F and B. We only need to construct accurate
approximations F Fand B! B respectively (dashed double arrows), and
the consistency betweef and B then naturally follows through transitivity
(semi-transparent dashed double arrows), enabled by the higher accuracy
of flow maps.

states @1x° andb' * ® minimize the objective functional u' «B °
under speci ¢ control scenarios and subject to constraints of uid
dynamics (Equation 1). The process iteratively performs forward
simulationFgia , evaluates the functiond! u' B °, computes the
backward adjoint procesBasg to obtain adjoints & andk , and
updates the control parameters\ using these adjoints.

To obtain the scheme fdBa g , unlike previous di erentiable uid
solvers that di erentiate the discretized forward proce§§!c , our
approach directly computes the continuous backward procesg B
via ow maps, yielding a principled adjoint formulation and estab-
lishing a symmetric forward backward framework that uses ow
maps for the consistent evolution of states and adjoints. A high-level
comparison and overview of this computation are shown in Fig. 4.
We then introduce the ow map method (subsection 3.3), describe
its use for forward (subsection 4.1) and adjoint computation (sub-

(a) Le er Morphing (b) Life-Form Evolution

Fig. 5. 2D sequential optimizations. A sequence of 2D morphing tasks,
including le er morphing (‘G 'Rl 'A'! 'P'! 'H') and life-form evolu-
tion, demonstrating smooth transitions between target silhoue es. Each
row illustrates the progressive transformation between two consecutive
keyframes, with target shapes shown on the le .

at time C The Jacobian matrices of the ow maps are denoted as

1x0 1y0
FQ!C 21X° = %'X 2 UQ andTQ!c 11X0 = %’X 2 UQ,

respectively. From start timg B selected arbitrarily, ow maps
and their Jacobians follow evolution equations:

( 10
THC =ul @c X0 CO BB 01X° =X ®)
0
MHC X =rut g X0 COpc X% e 02X = o
cOX® _ 0e @i 01X = Xe
Tcpox® _ 1yOp(j1 o 140 = |7 ®)
'T—TC!BOXYUX'C’ g 01x° =1

In the ow map method, accurate calculation of advection de-
pends on the accuracy of ow maps. While the forward ow map
gc and its Jacobiafrgc can be integrated accurately on grids
using high-order schemes, like the Fourth-order Runge-Kutta method
(RK4) for computing Equation 5, the semi-Lagrangian treatment of
advection terms in Equation 6 introduces dissipation and accu-
mulates errors, making precise computation of antl challenging.

section 4.2), present a novel acceleration strategy (subsection 4.3),T0 ad((:i)ress this issue, [Deng et @023b] observes that at any given
and nally assemble the complete numerical scheme (section 5), time A, the backward ow map g o and its Jacobiaffog o can

which we subsequently employ to solve uid optimization problems
(section 6).

3.3 Flow Map

In uid simulation, the ow map method [Deng et al2023b; Zhou

et al. 2024] enables accurate advection of physics quantities by
constructing a mapping between the initial domaldg and the
current domainUe A j C | BvhereBandAare the initial time
and the nal time respectively. Consider a uid moving with a
velocity eld ulxeCox 2 Ug For any timeG Y G, the forward ow
map gic,:Ug !U ¢ and backward ow map gic, : Ug !

Ug are de ned as functions satisfying gic ,'Xg@ G = xg@G°

and gic ;*Xg@G®° = xgGP° for any uid particle @moving with

3X3@(1:C° = ulxgCP CWhere xg/C°denotes position of particle®d
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be interpreted as the result of evolvingsc andTxc backward
in time from Ato Bwith C Y 0, which follows the dynamics of
the reverse-time uid motion without advection terms with start
time A (see Fig. 6 for illustration):

m poc 1X°
gL =ul puc 1XxCeCPOe 204 O1XO = Xe @)
=rut

A X% COMic X%

S
m Ao X
;# Toa ox° = I”

mC

Since Equation 7 excludes advection terms, high-order integration
can accurately compute the backward ow map and its Jaco-
bian T . This approach is known as the Eulerian Flow Map method
(EFM), and based on the accurately computed ow maps from Equa-
tion 5 and Equation 7, it achieves state-of-the-art performance in
preserving vortex structures.



Fig. 6. lllustration of long-range flow map evolution in di erent
methods. Let< be the reinitialization interval, typicallyc = 15 60. (a)
EFM computes cig 0 at every time step by repeatedly evolving back to
the previous reinit time. The number of steps crossed by each curve in the
figure indicates the number of steps required for each flow map evolution,
resulting in a total cost ofs 1< 2°. (b) Time-Sparse EFM computeg g 0
only at reinit steps, reducing the cost t§1<° . (c)(d) Our improved Time-
Sparse EFM introduces shorter intermediate flow maps between reinit
steps to improve accuracy at intermediate times, while maintaining the
overall cost ab1<° specifically, doubling the number of flow map steps
compared to (b).

4 Di erentiable Flow Maps

To implement di erentiable ow maps, we comput® by directly
discretizing the backward process B, rather than di erentiatifig
as in previous methods. Using ow maps, we rst solve the Navier-
Stokes Equation 1 forward from the start tiniéto the end timeA
then solve the adjoint Navier-Stokes Equation 4 backward frAto
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Fig. 7. 3D sequential optimization. We perform 3D fluid control with
multiple keyframes to guide a 3D shape morphing sequence from "G" to
"R"to "A"to "P" to "H". The red boxes highlight keyframes where the fluid
configuration successfully matches the target shapes.

Fig. 8. Armadillo shape morphing at di erent resolutions. We compare
shape morphing results at two resolutions: 1@op) and 128 (bo om).
The initial sphere is progressively optimized to match the Armadillo shape.
Higher resolution preserves finer geometric details, particularly in regions
highlighted by red boxes.

As a result, the forward ow maps gic ,, Fgic , and backward
owmaps gic ;, Teic 5, G Y G used in the forward equations can
serve as the backward and forward ow maps, respectively, in the
backward pass of adjoint equations, allowing adjoint eldg and

/ ¢ to be expressed as:

U txeCO :E!A XU ca XA FEA X Rict cia X%
C

1
Rcx°= Ty X° 2ru”u b rb Jr?.au

m
1 | lxo. 03 °
mu A9 9739

9)

B These two processes are referred to as the forward and backward b 1xeC° =bt cia X A° | ?\!c 1 i 1X00
1

pass, which will be discussed below.

4.1 Forward Pass

By [Li et al. 2024b], Equation 1 can be accurately computed via ow
maps, using the integral form of Equation 1

ulxe Co = (ﬁB 1yoyl ciB 1x0e BO . -E>!B 1x0 scl! ci 1y00,
1
¢ 1
Fag X°  =1?

1y0 —
BICc " X" = 7,
d

:—2eruk2 Jf 1 gig 1X0+g°3ge
bixeCO =D lcig X% BO”
C)
The detailed procedure is omitted here and provided in Appendix
A of the supplementary material. We follow the same approach to
accurately compute the evolution of the adjoint.

4.2 Backward Pass

Since the adjoint velocity eld @ also satis es the incompressibility
conditionr u; = 0, @DOC84=can similarly be solved using
ow maps. Notably, both the forward Equation 1 and the adjoint
Equation 4 are driven by the same velocity eld, and the ow of the

backward pass can be viewed as the time reversal of the forward pass.

c

FORICE X %6 Alg 1X°*g°3g”

Here, Yyc 1x° = FZa 1X°U 1 cia 1x% Ads referred to as the long-

range mapped adjoint velocity, andi, denotes the path integrator

of the adjoint velocity. The long-range mapping allows to avoid

the error accumulation caused by advection. Fokxs Coy c 1x° =

b1 cia1x% Afds the long-range mapped adjoint passive eld and
X!C is its path integrator.

For the adjoint calculation in the backward pass, we leverage the
long-short term mapping conversion strategy introduced in [Chen
et al. 2024b; Li et al2024b] to formulate our strategy to calculate
the adjoint integration Equation 9. We discuss the details as follows.

Mapping and Conversion. We rstcompute the long-range mapped
adjoint velocity Uy,c 1x° USing Uy, 1X° = FGa 1X°U 1 cia 1XPe A
and then convert the long-range mapped adjoint velocity to short-
range advected adjoint velocity - x°, whereCis the last time
step of time C (see Supplementary Section B.1 for proof):

Uge X° = Uaic 2X°, F Ga 2X° Ricot ciax®, 2ru “u Ce
(10)
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