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Abstract

We propose Hermite-NGP, a gradient-augmented
multi-resolution hash encoding designed to enable
fast and accurate computation of spatial deriva-
tives for neural PDE solvers. Unlike existing
NGP-based approaches that rely on automatic dif-
ferentiation or finite differences and suffer from
instability or high cost, Hermite-NGP explicitly
stores function values and mixed partial deriva-
tives at hash grid vertices, allowing fully ana-
Iytic evaluation of gradients, Jacobians, and Hes-
sians via Hermite interpolation. This design pre-
serves the efficiency and spatial adaptivity of NGP
while supporting analytic differential operators
up to second order. We further introduce a multi-
resolution curriculum training strategy analogous
to multigrid V-cycles to enable coarse-to-fine op-
timization. Across a range of 2D and 3D PDE
benchmarks, Hermite-NGP achieves up to ~20x
lower error than prior neural PDE methods, and
reduces wall-clock convergence time by 2-10x
compared to other solvers, with per-epoch train-
ing times as low as 3.5 ms for models with up to
17M parameters.

1. Introduction

Efficient neural scene representations that combine classi-
cal data structures (grids, tensors, Gaussians) with neural
counterparts have emerged as a highly effective family of
spatial representations for neural field learning, offering
strong locality, spatial adaptivity, and instant training in
high-dimensional function approximation. Multi-resolution
hash tables, popularized by Instant Neural Graphics Prim-
itives (I-NGP) (Miiller et al., 2022), are one such design;
related approaches include grid- and tensor-decomposition
representations (Fridovich-Keil et al., 2022; 2023; Chen
et al., 2022; Cao & Johnson, 2023; Kim et al., 2024; Chen
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Figure 1. SDF Gradients and Curvature on Armadillo. Our
method (left) recovers smoother gradient and curvature fields than
NeuralAngelo (Li et al., 2023b) (right), used here as an FD-based
hash-encoding baseline under the same SDF+gradient objective.
Gradients are visualized as green line segments around the surface,
while curvature is shown via mesh coloring.

et al., 2025; Zou et al., 2024), anti-aliased NeRF vari-
ants (Barron et al., 2023), and Gaussian-based methods
such as 3DGS (Kerbl et al., 2023). These computational
merits make NGP-style encodings particularly attractive for
representation learning problems that demand both accuracy
and efficiency, such as neural radiance field, signed distance
field, image reconstruction, and so on (Chen et al., 2023a;
Hu et al., 2023; Chen et al., 2023b; Li et al., 2023b; Yu et al.,
2022; Wang et al., 2023b; Miiller et al., 2022).

However, despite their success in representing graphics
primitives, NGP-style encodings prove inadequate for learn-
ing PDE-governed functions, especially in the context of
physics-informed neural networks (PINNs) that rely on ac-
curate differential constraints (Raissi et al., 2020; Karni-
adakis et al., 2021; Raissi et al., 2019; 2017). The core
challenge lies in I-NGP’s inherent inability to compute spa-
tial derivatives efficiently: standard hash encodings do not
support evaluation of first- and second-order derivatives via
automatic differentiation, while finite-difference approxima-
tions incur prohibitive computational cost and are highly
sensitive to the choice of discretization parameters. As a re-
sult, naive applications of NGP to neural PDE settings often
face challenges in addressing differentiation (see (Huang &
Alkhalifah, 2024; Li et al., 2023b; Chetan et al., 2025; Wang
et al., 2024a) for examples). This mismatch constitutes a
fundamental barrier to leveraging the efficiency of NGP-
style representations for solving PDE learning problems.

To address this challenge of efficient differentiation, we pro-
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pose Hermite-NGP, a gradient-augmented multi-resolution  interpolation that stores mixed partial derivatives at
hash encoding designed to support analytic derivative eval-  grid vertices, enablin@* Hermite interpolation with
uation within a neural representation. Our key insight is non-trivial second-order structure.

inspired by the gradient-augmented eld representations « Analytic Derivative Evaluation. The proposed en-
(e.g., gradient-augmented level set (Nave et al., 2010), coding admits fully analytic computation of rst-
af ne particle-in-cell (Jiang et al., 2015), and ow map and second-order spatial derivatives, avoiding nite-
methods (Zhou et al., 2024; Deng et al., 2023), where a  difference approximations and auto-differentiation.
scalar eld discretized on a grid is augmented with an aux- + Mmulti-resolution Coarse-to-Fine Training. We de-
iliary, collocated gradient eld, enabling continuous and velop a coarse-to- ne training strategy that leverages
stable derivative reconstruction via Hermite interpolation the hierarchical structure of Hermite-NGP, inspired by
within each grid cell (see Fig. 3). Rather than approximat-  mytigrid methods for PDE optimization.

ing derivatives using nite-difference stencils or recover- Neural PDE Solving with Complex Geometry.

ing them implicitly through automatic differentiation, these We demonstrate Hermite-NGP across diverse 2D/3D
methods treat derivative information as a rst-class compo- PDEs, complex geometric domains, and intrinsic differ-
nent of the representation itself. By explicitly parameteriz- ential operators within a uni ed learning framework.
ing and evolving the gradient eld alongside the primary

scalar eld, gradient-augmented representations yield Welltz Related Work

de ned, easy-to-calculate differential operators throughout ™"

the domain. Such representations have been widely adopteehysics-Informed Neural Networks. PINNs (Raissi

in computational physics and later computer graphics foet al., 2017; 2019) embed PDE constraints into networks
various simulation problems involving dynamic interfacesto obtain mesh-free solutions (Karniadakis et al., 2021)
(Li et al., 2023a; Kolomenskiy et al., 2016; Kolahdouz & with applications in uid mechanics (Raissi et al., 2020)
Salac, 2013), material transport (Anumolu & Trujillo, 2018; and libraries like DeepXDE (Lu et al., 2021b). Key chal-
Lee et al., 2014), and vortical structures (Bgckmann & Vartienges include spectral bias (Rahaman et al., 2019), gradient
dal, 2014; Mercier et al., 2020; Zhou et al., 2024). pathologies (Wang et al., 2021), and loss imbalances (Wang

Hermite-NGP explicitly parameterizes both the hashed feat! al., 2022), addressed by adaptive weighting (McClenny &

ture function and its mixed partial derivatives at each hastPraga-Neto, 2023), causal training (Wang et al., 2024c), cur-

grid point. For each spatial resolution, we store Hermite in/ICUlum strategies (Krishnapriyan etal., 2021; Duan etal.),

terpolation coef cients corresponding to the function valueﬁ_orﬂpl,ex gepmeltry r;]apdlmg (Costalbal et a!., 2024), anﬁ
and its partial derivatives and jointly optimize these quan- '9 i;dlmt;nsmza. tec lmques (Hu ?t al, 2524)’ recent bgncn i
tities during training, resulting in a coupled repres:entationmar s (Zhongkal et al., 2024) evaluate these systematically.

that directly encodes local differential structure. Given theseAltem"’V[iVe representations include Fourier features (Tancik
learned coef cients across hash resolutions, Hermite inte€t &l 2020), PIXEL (Kang etal., 2023), SPINN (Cho etal,,

polation reconstructs a global:-continuous spatial eld 202|3)’ and P_lG. (Kar;g etal, |2024)' l\llegral operqtors EJLU
whose second-order derivatives are analytic within each cefft @ " 2021a; I._|.et al., 2021) learn solution mappings but
(piecewise across cell boundaries). This representation-lev&FdUIre SUPENVISION.

design eliminates truncation error from numerical differ-\yiti-Resolution Hash Encoding. Instant NGP (Niller
encing and avoids instability caused by automatic differst 1., 2022) introduced compact multi-resolution hash ta-
entiation through discontinuous hash encodings, enabling|eg withO(1) lookup for neural radiance elds (Mildenhall
analytic evaluation of gradients, Jacobians, Hessians, ang} 5| 2021), inspiring extensions such as Zip-NeRF (Barron
Laplacians in a single forward pass while preserving thes; al., 2023), Neuralangelo (Li et al., 2023b), NeuS2 (Wang
locality, adaptivity, and scalability of NGP-style encodings et g|., 2023b), and Nerfstudio (Tancik et al., 2023). Related
(see Figure 1 for an example). We demonstrate the ef cacyyrig- and tensor-decomposition representations include Ten-
of our approach across diverse 2D and 3D PDE benchmarksyrg (Chen et al., 2022); Gaussian-based methods such as
by achieving relativé.> errors down tdl0® , offeringupto  3p Gaussian Splatting (Kerbl et al., 2023) occupy a distinct
10 accuracy gains over state-of-the-art neural PDE solverg, ¢ adjacent design space. Recent work also applies hash

and up tol0®  improvement over baseline NGP methods,encodings to ef cient PINN training (Huang & Alkhalifah,
while converging within minutes with per-epoch training 2024: Wang et al., 2024a).

costs of 2-3:5ms on a single GPU.

L]

Gradient-Augmented Representation In level set meth-
ods, gradient-augmented (Nave et al., 2010; Bgckmann &
Vartdal, 2014) approaches improve interface tracking ac-
« Gradient-Augmented Hash Encoding. We propose a curacy by maintaining both signed distance and its gradi-
gradient-augmented hash encoding based on Hermitent (Jiang et al., 2015). Similar ideas appear in uid simula-

Our main contributions are:
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Figure 2. Hermite-NGP Work ow. Multi-resolution grids store Hermite coef cientd; f x;fy;fx ) in separate hash tables with sizes
T1 (values),T» ( rst derivatives), andl; (mixed derivatives), producing encoding ; r 2 The MLP outputsl; @u=@ f@=@?2,
combined via chain rule to yield ru; r >u for PDE loss.

tion, where velocity gradients enable higher-order advection [0; T] with initial conditionu(x; 0) = g(x) and bound-
schemes. Recent neural representations have explored gaay conditionBy. [u] = h(x;t) on@ , PINNs approximate
dient supervision for improved surface reconstruction andi using a neural network x; t) by minimizing

normal estimation (Sommer et al., 2022; Huang et al., 2024).

3. Background

L()=  redrest icLict beclbet daddam (1)
Multi-Resolution Hash Encoding Multi-resolution hash eeTres e e e data

encoding (Miller et al., 2022) represents a function using
L resolution levels of learnable hash tables, each storing
F -dimensional features. At levél2 f0;:::;L 1g , an
implicit d-dimensional grid has resolutiody = bN i B c;

where b = exp % .

whereL s enforces the PDE residual at collocation points,

and the remaining terms impose initial, boundary, and data
constraints. Derivative boundary conditions (e.g., Neumann)
are imposed identically, via a soft loss applied to the corre-

. - d d . - - _
Given a query poink 2 R ¢, the2“ neighboring grid ver sponding boundary collocation set.

ticesfg "' g are identi ed. Their features are retrieved via the
hash functiorn(g"' ) = f:(l) gj”I i mod T', where
denotes XORf jgare xed primes, and’! is the table
size. d-linear interpolation over these features yields theNaming Convention. We denote the spatial dimension by
encoding '(x) . Encodings from all levels are concatenatedd, the number of resolution levels ty; grid resolution at
as (x) 2R LF and fed to a lightweight MLP. Howeved:  levell by Ny, and grid spacing by . Hash table sizes for
linear interpolation is onl° continuous: rst-order deriva- derivative type at levell areT/, with feature dimensiof
tives are piecewise constant and discontinuous across cdler stored value. Multi-index2 f0; 1g @ speci es partial
boundaries, rendering higher-order derivatives unde nedderivative orders,l(;,)( denotes Hermite coef cients at level
This precludes analytic evaluation of PDE operators involv{ and hash indek, andH () the corresponding Hermite

ing rst- or second-order derivatives ( rst derivatives jJump pasis. The SIREN frequency parameter is !.
across cell boundaries; second derivatives vanish within

cells).

4. Gradient-Augmented Representation

4.1. Hermite Interpolation

Hermite interpolation constructs smooth approximations us-
Physics-Informed Neural Networks Physics-Informed ing both function values and derivatives at grid points (Her-
Neural Networks (PINNs) (Raissi et al., 2019) solve PDEsmite & Borchardt, 1878; Birkhoff et al., 1968; Ciarlet &
by embedding physical constraints into neural network trainRaviart, 1972). In 1D, given function valuég;f; and
ing. Given a PDENy, [u](x;t) = f(x;t) on domain derivativesf ;2 at endpoints of intervdD; 1], the cubic
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For each hash entry, we store the complete set of partial

derivativesff O gai04q «—e€.9.,(F;f x;fy;fx) in 2D—

requiring 29 coef cients per vertex rather than one. To

manage this increased storage ef ciently, we maintain sep-

arate hash tables grouped by derivative type. In 2D, this

yields three tables: (I); F for function valued ; (2)
Figure 3. Gradient-augmented illustration. The left cell without T, 2F for rst derivatives(f «;fy); and (3)Ts F for
gradients yields c_onstant in_terpolation, while the others use gradihe mixed derivative Xy - This separation allows different
ents to produce rich sub-grid features. tables to use different sizes based on their representational
Hermite interpolant is: requirements.

Ht) =f ch@@)+f ;h@Q@ t)+f SO )+ @ (t); Atresolution levell with grid spacingx | = 1=N, the

Hermite hash encoding is:
2t 3+3t2, 0t 1;

h© (t) = X X
: i gy — 0 X X g i .
0; otherwise, (x) = iho HO v x 1
2t3 3t 2 + 1 0 t 1 g2N | (x) 2f0;1g

h® (1) = ’ i (4)
0; otherwise,

whereN, (x) denotes the@? vertices of the cell containing

X at levell, |(-r)1(g are the learnable Hermite coef cients

retrieved from ?1e hash table corresponding to derivative
For a scalar eldf(x) in d dimensions de ned on a grid orderjj ,andH® are the basis functions de ned in Sec-

with spacingx , at each grid verteg located at positiong,  tion 3. Like standard NGP, hash collisions within each table
we store2? values, including the function valdg = f(x g) are resolved implicitly through gradient-based optimization.

and the mixed partial derivativég’ = %T)fixw o 2 Features from alL resolution levels are concatenated to
f0; 1g‘:j where = ( ;)41 denotes a multi-index and form the nal encoding (x) = ( °(x);::; "1 (X)) 2
ji= . Forexample, in three dimensiofg’™" = RLF |, whereF is the feature dimension per stored value. In
2D, the total parameter count across all tablds i§T ; +
2T, +T3) F . When all tables use the same sizethis
simpliestoL 4T F , matching the? factor from the

4 Hermite coef cients per vertex.

where H) | i 2 f0; 1g, denote the basis functions.

%szx .- Then the Hermite interpolant is constructed

via tensor products:
X X
HIf](x) = 0 HO XX g yii-
g2N(x) 2f0:1g ¢ X A key advantage of storing derivative information explicitly
(3) isthat the encoding captures richer local spatial structure
whereN(x) denotes the® vertices of the cell contain- than function values alone. This enables the network to rep-
ing x, HO (x) = 1 «h{ )(x;) are basis functions resent sharp gradients and rapid spatial variations directly in
for d dimensions. This construction guarant&'scon- the encoding, which is particularly bene cial for PDEs with

tinuity with gradients exactly recovered at grid points:complex boundary conditions—the derivative coef cients
HIF(x o) = (F &0 09 -2y Unlike d-linear in-  ¢an adapt locally to enforce boundary constraints while the

lation provides well-de ned, non-zero second derivativesSPatial adaptivity, inherited from hash encoding's irregu-

throughout the domain. lar grid structure, allows Hermite-NGP to handle complex
geometric boundaries naturally without requiring boundary-
4.2. Hermite Hash Encoding conforming meshes. Note that the hash functi¢h is a

Standard hash di ¢ v functi | tari iscrete index lookup mapping integer grid coordinates to
atrj ar gs Ifencgﬂllr)g s o.rets on)I/ tync I\c;\r;h\'lla ues al 9"hble entries: it is not part of the continuous computation
Vertices and relies inéar interporation. ie simple graph, and all spatial derivatives are computed through the

i i i 0 i i B i - . . . . .
a_md ef C|er_1t, th's. yields onlyC _c_ontlnuny._ r;t deriva smooth Hermite basis applied to the retrieved coef cients.
tives are piecewise constant (givingu 0 inside cells)

and discontinuous at cell boundaries. For PINNSs, this fun- o L
damentally prevents analytic computation of higher-orde- Analytic Differentiation
derivatives like the Laplacian. Our key insight is that by
storing the complete set of mixed partial derivati@g

for 2f0;1g ¢ at each vertex, we have exactly the degreesPDE residuals like the Laplacian?u require second-order

of freedom needed faZ® Hermite interpolation (Ciarlet & spatial derivatives. Standard autodifferentiation cannot pro-
Raviart, 1972) with well-de ned second derivatives. vide meaningful second derivatives for hash encoding: the

5.1. Analytic Derivative Calculation
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d-linear interpolation yields piecewise constant rst deriva-Algorithm 1 Hermite-NGP Training
tives, making second derivatives zero almost everywhert}a:é
Standard NGP therefore resorts to nite differences (FD)
like INGP-FD (Huang & Alkhalifah, 2024; Li et al., 2023b;
Wang et al., 2024a), requirirgd + 1 forward passes (5 in
2D, 7 in 3D) and introducin@( 2) truncation error in the

estimated szacond derivativegs)(()f t)he model output. This trun-2 07! =155 L acive dO ' Coarse;ﬁto- ne: Sec. 6
cation error creates a fundamental accuracy ceiling aroundsf g Nk -2 grid vertlpes
105 , regardless of how long training continues. For appli- k() h(g) mod T , - Hash function

e Lookup( I5; k)FIor 210;1g ¢

equire: Pointsx 2 RN® | hash table$ !’ g, MLP
active levels lactive
Ensure: PDE solution u(x), derivatives ru, r 2u
1: // Hermite Hash Encoding (Sec. 4.2)

cations requiring higher precision, analytic derivatives are °:

therefore essential rather than merely preferable. Hermites: HEH N g |(|1 HO (x) .Eq.4

encoding enables analytic computation in a single forward 7: end for

pass by differentiating the basis functions directly. 8 [ 1 Lawd . Concat multi-resolution
9: // MLP with Analytic Derivatives (Sec. 5.2)

Derivatives of the Hermite encoding follow by differentiat- . @u Gu
ing the basis functions. De ning= (x x g¢)=Xx |, we 10: g @z MLP 0 - SIREN
have: 1w @ ¢ 2y %(r) 2+ Gy 2

12: // PDE Loss and Backward

13: L L padusrusr 2u)+  pelpe

X X o 14: Backward(L) 'update f O g;
@1 i 1T I(;r)1(g) X JIJk @1 ikH() (®): 15: return u;rtf;r) ZE Y
g2N | (x) 2fo;1g ¢
(5)

For rst derivatives k = 1) and second derivativek € 2,  ©-2- End-to-End Differentiation

enabling analytic Laplacian), the scalmg{' ensures  The complete Hermite-NGP model computegx) =
correct dimensional behavior across resolution levels. MLP ((x)) , where (x) is the Hermite hash encoding.

These formulas provide analytic derivatives of the Hermite™ K€y advantage is that analytic derivatives from the en-
interpolant within each cell, free of truncation error. coding propagate through the MLP to obtain differential

operators without nite differences or autograd overhead.
For implementation, the derivatives of the 1D Hermite basis

functions are: We use SIREN acFivqtions (Sitzmann et aI.., 2020) with
(x) =sin(!x) , satisfying %=1 2 . For a single layer
S6tzeen 0 t<1 S 2te6; 0 <1, u=Wssin(t(W 1 +b1))+by, denotingz =W, +b
%Pi(t) - _efeoy  1<t<O @@h);(” 0= 12+ 1<t<0; anda = smh(!z), the Laplacian is: i
"0 jtj>1; ©0; it 1; P
@KW 322 4t+1; ljtJj<1; @hw (6’[ 4; jtj<1;“ r2u=w, ! ‘a ?:1 (W1 x)?+lcos(lz) W qr 2 ;
atY7 o gL oet YT o g ()

(6) where 4, = @QX andr 2 are the analytic encoding deriva-

) : )
For the d-dimensional Hermite basis, derivatives can tves from Section 5.1. All terms excepy, andr = reuse

be factorized aS@H@;X(y) _ @H;D)Eyi) w6ih® (i), guantities from the forward pass.
@HO () _ @&hO () h® nd 810 ) _ For K -layer networks, derivatives propagate recursively.
@ - @x ko=t (yi) 2 @x@x = Leta® = anda® = sin(lz ®) wherez® =
i ) i) . .
7@%9') 7@W@)§yl) ke=ij N® (yk) for i 6= j, wherey = W,akD +hby:
(%) (see Appendix A.1 for the complete 2D worked Q¥ " @&V
example). This factorization enables ef cient vectorized @x fcos('z ™) W KTax , (8)
computation: we compute 1D basis values and derivatives @a® )
once per dimension, then combine them via outer products. =——=1 230w @é@k);) 9)
The Laplacian is compute%analytically by summing diago- @%
) N P (k1)
nal Hessian entries: ¥ = =~ [, o7 +icos(z @) w k@aé% : (10)

Furthermore, our grouped table structure (Section 4.2) al- ) ) o

lows allocating smaller tables to higher-order derivatives] Ne base case usgs Hermite encoding derivatives; the full
providing ne-grained control over the memory-accuracy Laplacianr 2u = = %, %% is computed in a single for-
tradeoff(see Section 7.7 for ablation study). ward pass (see Appendix A.2). We initialize MLP weights
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Figure 4. Helmholtz 3D @=10). Cross-sectional slices of the 3D Helmholtz solution. Hermite-NGP accurately captures the oscillatory
wave patterns, achieving arf lerror of 6 10 | substantially better than the closest baseline, I-NGP-FD (7:212 10

Figure 6. Helmholtz 2D 4 = 10): Ground truth (left), Hermite-
Figure 5. Convection 1+1Dc( = 30): Solution eld at nal NGP prediction (middle), and pointwise error (right). Our method
time. Hermite-NGP preserves the sharp traveling wave W/t achieves relative 2 error of1:81 10 ° , compared t8:57 10 *
8:4910 ° ,al10 improvement over PirateNe854 10 * ), for the closest baseline.
while SPINN and INGP-FD fail to converge.

following Sitzmann et al. (2020) withy = 30; hash table
coef cients start near zero. Algorithm 1 summarizes the
complete Hermite-NGP training pipeline, from hash encod-

ing through analytic derivatives to PDE loss computation. Figure 7. Helmholtz 2D 4 = 100) enlarged: Hermite-NGP is the
) ) ) ] only method that converges on this challenging high-frequency
The recursion in (8)~10) works with any twice- setting, achieving.? = 4:59 10 2 . All baseline methods fail to

differentiable activation (Swish, Softplus, GELU, etc.); evencapture the rapid oscillations.

with an autograd MLP, the Hermite enCOding|S analytic p|ed dynamiCS, Comp|ex geometries’ and geometric con-

derivatives are preserved. straints. For problems without analytic solutions, we obtain

6. Multi-Resolution Coarse-to-Fine Training ground 'Fruth from high-resolutiop conventional PDE solvers.
All metrics are reported as relative errors. Full PDE for-

Inspired by multigrid methods (Briggs et al., 2000) and mulations and training details are provided in App. B.

coarse-to- ne strategies in neural surface reconstruction (Liz 1. Experimental Setup

etal., 2023b), we leverage the hierarchical structure of multi-

resolution hash encoding for curriculum training. We em-Baselines. We compare Hermite-NGP against recent

ploy a three-phase strategy: (1) train only coarse level®INN-based methods: PirateNet (Wang et al., 2024b), JAX-

activate ner levels; (3) ne-tune all levels jointly. The num- FD (Huang & Alkhalifah, 2024) (hash encoding with nite

ber of active levels follows acive(t) = min(L;L o+bt=c), differences), SPINN (Cho et al., 2023), PIXEL (Kang et al.,
where s the activation interval. Ablation studies (Sec-2023), and a vanilla PINN baseline (Raissi et al., 2019).
tion 7.7) show coarse-to- ne achieves 79% error reductionFor all baselines, we use the of cial implementations with
over training all levels simultaneously. We summarize the'ecommended hyperparameters and, unless otherwise noted,
pipeline in Algorithm 1. a shared training protocol (Adam (Kingma, 2014) optimizer,

. GradNorm loss balancing), see details in Appendix B.2.
7. EXperiments
Table 1 summarizes the relatilze errors across all bench-

We evaluate Hermite-NGP on a broad suite of 2D/3D PDEmarks, and full PDE formulations are provided in App. B.1.
benchmarks, covering elliptic, hyperbolic, and parabolicZI 2. 2D PDE Experiments

equations, as well as geometric applications. These benc
marks probe complementary aspects of neural PDE solverd/e evaluate two 2D benchmarks that stress high-frequency
including high-frequency oscillations, sharp transport, couescillations and sharp transport. For Helmholtz 2D
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